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COMPARTSONS OF EXPERTMENTAL FREE-JET BOUNDARTES WITH
THEORETICAL RESULTS OBTAINED WITH THE
METHOD OF CHARACTERISTICS

By Allen R. Vick, Earl H. Andrews, Jr., John S. Dennard,
and Charlotte B. Craidon
Langley Research Center

SUMMARY

The characteristics method is presented for computing highly underexpanded
free-jet boundary contours. This procedure, permitting extension of the cal-
culations to very high pressure ratios and large distances downstream of the
nozzle exit, has been incorporated into a computer program which facilitates
rapid calculations of jet exhaust characteristics. Computer programs written
in FPORTRAN language are presented for the leading characteristic line, corner
expansion fan, and the characteristic network. An experimental investigation,
undertaken to verify the theoretical procedure, consisted of obtaining schlieren
photographs of unheated jet exhaust boundaries from nozzles having design exit
Mach numbers of 1.0, 2.22, and 5.0.

Theoretical jet boundaries have been calculated and contour plots developed
which permit construction of jet boundaries at any ratio of nozzle-exit pressure
to ambient pressure up to 107, 106, and 0.5 X 104 for nozzle-exit Mach numbers
of 1.0, 5.0 (flow angle at nozzle lip, 15°), and 4.79 (flow angle at nozzle lip,
26.5°), respectively. It was found that on logarithmic coordinates, the maximum
boundary size varied almost linearly with pressure ratioc. Reasonable agreement
of theoretical and experimental jet plumes was obtained over the complete range
of pressure ratios experimentally investigated.

INTRODUCTION

The flow of rocket exhaust gases from highly underexpanded nozzles oper-
ating in near-vacuum conditions results in large billowing Jjet plumes. As a
result, various problems arise depending on the vehicle altitude and the prox-
imity of the rocket nozzle to adjacent surfaces, which may be either parts of
the main vehicle or surfaces perpendicular to the Jjet blast, such as would be
encountered during lunar landings and take-off. For flights of missiles within
the atmosphere jet pluming can produce flow separation over the missile after-
body which in turn affects the stability characteristics. (See refs. 1 to 4.)
The radial flow direction of the exhaust gases downstream of the nozzle exit
can exceed 90° relative to the nozzle thrust axis, depending upon such factors
as nozzle-exit Mach number, ratio of nozzle-exit pressure to ambient pressure,



and the ratio of specific heats of the exhaust products. Under such circum-
stances, stage separation effects must be evaluated with respect to forces and
pressures on booster cases during the separation sequence. (See ref. 5.)
Structural and heating problems may be introduced during orbital rendezvous
missions in which the use of attitude control rockets for docking or trajectory
corrections results in direct impingement of exhaust gases on parts of the
vehicle. (See refs. 6 to 8.)

Additional problems, created by the interference of rocket exhaust plumes
with communications between missiles and ground stations, have resulted in
extensive research into the cause and effects of radio signal attenuation. A
general discussion of several of the parameters influencing the propagation of
telemetry signals through exhaust plumes is found in reference 9, and a more
limited study of a specific missile configuration is contained in reference 10.
An extensive summary of the more recent information on signal attenuation in
solid-propellant rocket exhaust for many of the current missiles is contained
in reference 11, and reference 12 shows that signal attenuation also occurs
with liquid-propellant motors.

Jet pluming in connection with soft lunar landings and/or take-off, and the
possibility of crater formation due to erosion of the landing area by jet
exhaust plumes, has been the object of both experimental and theoretical
studies. Jet impingement on hard flat surfaces has been investigated with cold
jets (ref. 13) and with hot jets (ref. 14). Experimental investigations of Jet
impingement on a dust-covered surface (ref. 15) indicate the possibility of
visibility impairment and vehicle surface damage. Further theoretical studies
of this impingement problem are contained in references 16 and 17.

As a result of the many problems associated with highly underexpanded noz-
zles, many studies have been made to obtain a clearer understanding of the
exhaust plume behavior. A few of these studies are contained in references 18
to 27 for both free jets and jets exhausting into a supersonic stream. Experi-
mental confirmation of jet plume calculations by the method of characteristics
or by empirical methods has been limited by lack of experimental data at high
pressure ratios.

This report presents experimental studies and theoretical studies by the
method of characteristics of free jets exhausting into still air from sonic and
supersonic nozzles at relatively high pressure ratios. Experimental tests,
conducted with cold air at a total temperature of about 90° F and at stagnation
pressures up to approximately 2,400 psia, consisted of obtaining high-speed
schlieren photographs of the jet exhaust plume. The initial phase of this
investigation concerning experimental tests of free jets ilmpinging on a parallel
flat surface at ratios of total pressure to ambient pressure up to 250,000 has
been reported in reference 8. Theoretical confirmation of the experimental pro-
gram required extensive modifications to the characteristics method used in
reference 18 to obtain meaningful calculations at large distances downstream of
the nozzle exit for high pressure ratios. In view of the continued effort
anticipated in the study of jet plumes and the complexity in setting up the
computation procedure, the complete program for the characteristics method is
included in this report.



SYMBOLS

dj nozzle-exit diameter

1 distance along Jjet axis from plane of nozzle exit to location of
Riemann wave

M Mach number

Mj nozzle-exit Mach number

Pj static pressure at nozzle exit

Pt 3 nozzle total pressure

)

Py ambient static pressure

r perpendicular distance from Jjet axis, equivalent to y 1in appendixes

rj radius of nozzle exit

S diameter of Riemann wave

X distance downstream from plane of nozzle exit measured parallel to jet
axis

ay initial turning angle, measured between jet axis and tangent to jet
boundary at the nozzle lip

14 ratio of specific heats

0 angle of flow, measured between direction of flow and jet center line

o nozzle half-angle, or angle of flow at nozzle lip, measured between
direction of flow and jet center line

K Mach angle

v Prandtl-Meyer angle (angle through which a supersonic stream is turned
to expand to a Mach number greater than 1)

vy Prandtl-Meyer expansion angle from sonic velocity to nozzle-exit Mach
number

V1 Prandtl-Meyer expansion angle from sonic velocity to jet-boundary Mach
number

Subscript:

max maximum



APPARATUS FOR EXPERTMENTAIL STUDIES

Test Setup and Procedure

The principal part of the experimental investigation to obtain schlieren
observations of free-jet flow fields was conducted in the 4l-foot-diameter
vacuum sphere at the Langley Research Center with the test setup as shown in
figure 1(a). Air from a tank farm pressurized to approximately 2,400 psia and
90¢ F, and of sufficient volume to maintain essentially a constant nozzle stag-
nation pressure during a test run, was supplied to the nozzles through a
B/M—inch—diameter supply pipe. An electrically operated solenocid valve located
Just upstream of the nozzle permitted a rapid start sequence. Over a total
testing time of approximately 30 seconds the ratio of total pressure to ambient
pressure was reduced from a value of approximately 250,000 down to about 20,000.

Nozzle stagnation pressures were measured by a 3,000-psia pressure trans-
ducer located between the electrically operated solenoid value and the nozzle
inlet bell. (See insert in fig. 1(a).) Initial pretest sphere pressures of
approximately 0.4 mm Hg (0.0077 psia) were attained with vacuum pumps and meas-
ured with a McLeod gage. The change in sphere ambient pressure with time was
measured by a pressure transducer calibrated from 0.005 to 0.100 psia. All
pressure measurements were continually recorded on oscillograph paper. With the
test nozzle in operation, the sphere pressure increased linearly with time;
therefore, the ratio of total pressure to ambient pressure decreased inversely

with time.

High-speed 16-mm motion pictures of the exhaust plume were obtained from a
double-pass schlieren system. A 25-inch-diameter parabolic mirror was mounted
about 4 feet behind the nozzle (as shown in fig. 1(a)), and both the camera and
schlieren light source were located on the equator of the vacuum sphere in the
monitoring room. The camera was synchronized with the flashing light source and
operated at about 750 frames per second. Timing marks recorded on the edge of
the film from a 60-cycle flashing light source permitted a correlation of the
motion pictures with a plot of pressure ratio against time.

Supplementary experimental data were obtained in the low-pressure-ratio
test facility shown in figure 1(b). This test setup permitted operation at a
constant pressure ratio and adjustment of the single-frame schlieren system for
maximum sensitivity. The larger nozzles tested in this facility improved the
quality of the schlieren photographs of the free-jet flow fields. Supply air
from a large-capacity tank farm was available at total pressures up to 400 psia
and total temperatures of about 90° F. Stagnation pressure was measured by a
total-pressure tube located at the outlet of a small settling chamber as shown
in the figure. With a nozzle in operation, values of ambient pressure as low
as 0.5 psia could be held constant over long periods of time by using a series
of compressors as vacuum pumps. Ambient pressure in this facility was measured
with a mercury manometer.



Test Nozzles

Sketches of the two nozzles used for the high-pressure-ratio tests in the
41-foot vacuum facility are shown in figure 2(a). The converging nozzle
(Mj = 1.0) had an exit diameter of 0.125 inch, and the converging-diverging

conical nozzle, baving a nominal design Mach number of 5.0, based on inviscid
flow, had an exit diameter of 0.625 inch, an area ratio of 25, and a half-angle
of 15°, For some tests conducted with the nominal M = 5.0 nozzle, a static-
pressure orifice installed in the diverging wall just upstream of the exit indi-
cated an actual exit Mach number of 4.79.

The initial phase of this investigation (ref. 8) reported that measure-
ments of the initial turning angle of the flow at the nozzle exit oy, obtained

from a series of photographic enlargements of the Mach 5 nozzle, indicated a
substantially larger value of expansion half-angle 6y than the inviscid design

value. This comparison was performed by using an expression, ay = vy - vy + GN
(see, for example, ref. 19). With YN and vy determined from the estimated

exit Mach number of 4.79 and the experimental value-of the ratio of ambient
pressure to total pressure, respectively, the effective nozzle half-angle 8y
was computed to be 26.5°, or about 11.5° greater than the inviscid design value.
The difference between the measured and calculated value of ay, when correlated

with a Reynolds number of about 13 X 106 based on nozzle-exit conditions and
diffuser conical length, compares favorably with the results of reference 3.
The larger effective nozzle half-angle is believed to be due to a combination
of factors, including small-scale model size, sharp corners at the nozzle
throat, boundary-layer growth, and a thinning of the boundary layer at the noz-
zle exit. It is evident that more research is needed in this area; and until
experimental results indicate otherwise, it is believed that 6y will corre-

spond to the geometric angle for large-scale models.

The two large-scale models tested in the low-pressure-ratio facility are
shown in figure 2(b). Both nozzles had smooth entrances and minimum throat

diameters of 0.707 inch. The Mj = 2.22 contoured nozzle was designed by the

method of characteristics for parallel flow at the exit. Nozzle coordinates
are tabulated on the figure.

RESULTS AND DISCUSSION

Basic Considerations

Jet exhaust description.- Prior to a discussion of theoretical and experi-
mentalffesults, a few of the more basic fundamentals of Jjet exhaust plumes will
be considered. Rocket nozzles are usually classified either as conical or con-
toured. The exhaust gases leave a conical nozzle in a radial direction whereas
the contoured nozzle is designed for exhaust flow parallel with the axial center
line. Regardless of the type of nozzle used the structure of the exhaust jets
produced by operating these nozzles in a highly underexpanded condition is




basically similar, as shown by the illustration in figure 3. Some of the more
important features of a typical exhaust plume consist of the leading character-
istic line, internal shock, jet boundary, and normal shock.

The leading characteristic, or Mach line, as determined from the nozzle-
exit Mach number, is a straight line for the contoured nozzle and forms the
familiar Mach cone. All flow conditions along this Mach line and within the
Mach cone, incliuding M, 6, u, and v, are constant. For the conical nozzle
the leading characteristic line is curved and flow conditions are different for
each point downstream of the nozzle exit. A more detailed discussion of the
leading characteristic line is contained in appendix A. For both nozzles, how-
ever, when operating at or above the design pressure ratio the leading charac-
teristic serves as a dividing line between two different flow regions. The
internal region (Mach cone or radial flow zone) bounded by this line consists
of a zone of zero external influence in which flow properties are determined
strictly from nozzle design criteria. In the region external of this line and
bordered by the jet boundary, the ratio of stagnation pressure to ambient pres-
sure is the controlling factor with respect to size and shape of the jet plume.

In the region bounded by the leading characteristic line, the axial center
line, the normal shock, and the internal shock, the controlling factors are the
corner expansion fan originating at the nozzle lip and the overall three-
dimensional nature of the flow. The characteristic net comprising this region
is made up entirely of an expansion network in which the flow is isentropic.
Mach numbers within this area are therefore continually increasing, both with
distance downstream of the nozzle exit and also in a direction perpendlcular to
the axial center line out to the position of the internal shock.

The internal shock is formed by the coalescence of infinitesimally wesk
compression waves reflected from the jet boundary. At pressure ratios slightly
above the nozzle design value of 1.0 the intermal-shock system forms the famil-
jar diamond pattern. As pressure ratio increases a normal shock forms and the
internal shock approaches the jet boundary. The internal shock originates near
the nozzle exit and increases in strength with distance downstream of the noz-
zle, In traversing the internal shock in a direction perpendicular to the noz-
zle axial center line, a sharp Mach number discontinuity exists followed by a
gradual decrease to the final boundary value. The Jjet boundary, as the name
implies, defines the external shape of the exhaust plume and is the separation
line between ambient conditions and flow from the exhaust nozzle. Mixing at the
Jet boundary is ignored in this presentation.

Factors affecting exhaust plume.- The primary parameters which influence
exhaust plume size and shape are Mj, Oy, 7, Py, and p_ . Of these param-

eters MJ, Oy, and pj are constant and dependent only upon nozzle design

parameters and chamber stagnation pressure. In real-gas flow the ratio of
specific heats 7 wvaries to some degree with the reduction in exhaust gas tem-
perature produced in the expansion process, and the state of equilibrium of the
flow. In order to prevent further complications of the calculation procedure,
frozen equilibrium has been assumed; therefore, y remains constant. The
remaining parameter is ambient pressure p_ which varies with altitude and is

& . . .
expressed as nondimensional pressure ratio, pj/pm.
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Highly underexpanded exhaust nozzles have an excess of pressure Pj at

the nozzle exit, and, as a result, the exhaust gases leaving the nozzle exit
must expand until the pressure is equal to the surrounding or ambient pressure.
At near vacuum values of ambient pressure, even moderate nozzle-chamber pres-
sures produce very large values of pq/pw. It is at these high pressure ratios

that concern arises as to the maximum angle through which the exhaust gases -
expand and the overall size and shape of the plume.

Initial turning angle.- The method of calculating the initial turning
angle at the nozzle 1ip is shown in figure 4 along with a sketch of the initial
section of the jet boundary. Also listed are the controlling parameters pre-
viously discussed. Since the circumference of the nozzle exit can be considered
to be made up of a large number of straight line segments, the flow just at the
nozzle lip can be classified as two dimensional. Furthermore the absence of
shocks at the nozzle exit indicates an isentropic expansion of the flow to the
ambient pressure. The flow angle through which the flow will expand
(Aw =V - VN) is the difference between the Prandtl-Meyer expansion angles

corresponding to the jet-boundary Mach number and the nozzle-exit Mach number.
Boundary Mach number, the only unknown in determining v,, depends upon the

altitude, with its corresponding ambient pressure p_, and the nozzle total
pressure pt,j’ Inclusion of the flow direction as imparted by the nozzle half-

angle Oy completes the equation for finding the initial turning angle:

G,N=V1-VN+9N

An indication of the magnitude of the initial turning angle and the varia-
tion with pressure ratio is shown in figure 5 for two different nozzles. For a
perfect gas (7 = 1.4) the maximum Prandtl-Meyer angle through which the flow
might expand at an infinite pressure ratio is shown in reference 28 to be
130.45°. The expansion process may be either internal in which part of the
expansion occurs within the nozzle proper to attain a given exit Mach number,
or external in which the process is concluded by expanding to ambient conditions
after the gas has left the nozzle. In order to achieve the maximum turning
angle (130.450) all of the expansion is required to occur external of the noz-
zle as is shown for the Mj = 1.0 case in figure 5; however, this situation is

not desirable, since external expansion is synonymous with loss in thrust per-
formance. From the standpoint of increasing propulsive efficiency, it is
desirable to increase the Mach number of the nozzle in order to achieve as much
internal expansion as possible. Structural and weight limitations, however,
place a limit on the nozzle design Mach number, which in turn precludes having
all internal expansion, particularly for high-altitude operations. As a result
of these limitations, nozzles are usually designed for a moderate supersonic
Mach number such as the My = 5.0 case shown in figure 5. The maximum turning

angle for this particular design Mach number and nozzle half-angle is only
about 69°.



If the Mj = 5.0 nozzle of figure 5 were contoured for axial flow at the

exit, Oy = 0°, the variation of initial turning angle with pressure ratio would
be a curve originating at ay = 0°, similar to the existing curve, and located

15° lower at any selected pressure ratio.

X It would appear from the previous discussion that restrictions of the
turning angles to moderate values might not be too difficult. When real-gas
flows are encountered the initial turning angle may be much higher than those
indicated in figure 5. As an example, initial turning angles with all external
expansion reach maximum values as high as 2430 for y = 1.15, and 203° for

y =1.20 (see ref. 29), in comparison with 130.45° for 7y = 1.k, Although some
of the expansion process will be internal, as has previously been shown, these
numbers serve to illustrate that initial turning angles approaching and even
exceeding 909, depending upon the value of 7, should not be unexpected.

Theoretical Results

Method of calculations.- The method of characteristics used in calculating
free-jet boundaries, by using three-dimensional irrotational equations of flow
and the "foldback" procedure, has been well established in reference 18. How-
ever, certain limitations arise in using the foldback method as the pressure
ratio increases. These limitations restrict the range of computations to a
region close to the nozzle exit. In order to obtain complete contours of the
Jet boundary out to the maximum diameter of the Jjet plume at the higher pres-
sure ratios, it became necessary to eliminate the foldback portion of the cal-
culations and develop a procedure in which the outer region of the character-
istic net would be developed similar to that of the actual flow. A description
of the calculation procedure including equations and a complete FORTRAN (FORmula
TRANslation) writeup is included in the appendixes. Consequently, only a brief
description of the revised characteristic network obtained by eliminating the
foldback is included here.

A segment of a typical characteristic network is shown in figure 6 and
illustrates points of primary interest in the revised calculations procedure.
The nozzle-exit center line is located at the top of the figure and flow from
the nozzle is from left to right. The initial turning angle at the nozzle exit
ay 1is in excess of 90° and the greatly expanded abscissa scale permits improved
visualization of the characteristic network. Three primary types of lines com-
prise the characteristic network and are identified in the figure as A, B, and
C lines. Type A lines originate at the nozzle lip and comprise the corner
expansion fan, whereas type B lines originate either on the leading character-
istic or on the diametrically opposite lip. The type C lines are referred to
as reflected rays due primarily to the fact that the B lines strike the boundary
and then appear to reflect as though from a physical surface. The coalescence
of these reflected rays, which are actually very weak compression waves, forms
the internal shock previously discussed. As more of these waves coalesce, the
strength of the internal shock increases.

Additional intersections of the corner expansion rays, A lines, with the
internal shock, in addition to the reflected ray intersections, result in

8



obvious complications to the calculations in the region of the internal shock.
In the fcldback procedure the corner expansion rays are allowed to continue on
past the location of the internal shock and hence no solution is required for
intersecting lines; however, this situation does not simulate actual flow con-
ditions. A reasonable approximation of actual flow conditions is to combine
these rays at the point of intersection. In three-dimensional calculations rays
are generally referred to as right-or-left-running characteristic lines (or mem-
bers of opposite families), and by using the known flow conditions on two of
these lines it is possible to compute a third point to complete the net. TFrom
the sketch in figure 6 it is observed that the intersections which must be
handled are composed of members of the same family type of lines and must there-
fore be handled as such. Development of appropriate equations for the solution
of flow conditions at these intersections is presented in appendix C.

Initially, in setting up the program for machine calculations, only two
intersections were considered possible in between any two consecutive B lines.
It is clear, however, that the spacing of these two consecutive characteristic
lines determines to some extent the number of intersections that might occur.
When more than two intersections occurred the reflected rays, which would pro-
duce the additional intersections, were skipped and the calculations proceeded
as though these rays were nonexistent. Omitting these points amounted to
increasing the size of the characteristic net at this particular location with
a subsequent small decrease in accuracy. Some of these dropped points are shown
in figure 6 as reflected rays that are terminated before intersecting the inter-
nal shock. The FORTRAN program as presented in appendix C has been revised,
however, to permit any number of intersections to occur between two consecutive
B lines.

Jet boundary coordinates for Mj = 1 as obtained from the revised cal-

culations are compared in figure 7 with results obtained by using the foldback
method of reference 18. Coordinates are presented in a nondimensional form,
x/x'(j and r/rj, for pressure ratios pj p, of 20 and 45,000. Agreement

between the two methods is good at pj/poo = 20, but a decided deviation between

the two curves occurs at large values of r/rj for pj/poo = 45,000.

« Theoretical jet boundaries.- Results of the caleculations of Jet plume
boundaries are shown in figures 8(a) to 8(g) for the following nozzles:
Mj = 1.0, 6y = 0% My = 5.0, 6y = 15°9; My = k.79, oy = 26.5°; and My = 2.22,

ey = 0°. Two sets of curves are shown for some of the test nozzles - one set,

such as in figure 8(a), at an expanded scale to show greater detail of the
boundaries near the nozzle axis, and the second set showing the complete bound-
aries (fig. 8(b)). Symbols on some of the curves show point spacings on the
boundaries but are omitted for the lower pressure ratios or where crowding of
the curves would occur. Figure 8(b) indicates that the maximum radius of the
Jjet exhaust plume will be about 450 nozzle radii for a pressure ratio of 45,000,
with the location of the maximum radius occurring approximately 1,300 nozzle
radii downstream. As a result of limitations of the initial program setup,
boundaries for the two highest pressure ratios were terminated at a radius of
approximately 350 nozzle radii. As additional boundaries were computed and




insight gained in the intricacies involved in the calculation procedure, these
1imitations have gradually been removed.

Similar boundaries computed for a Mj = 5.0 nozzle with 6y = 15° are

shown in figures 8(c) and 8(d). In the calculations for this nozzle as well as
all others, pressure ratios Pj/Pm were chosen from preselected values of

initial turning angle oy on the basis of maintaining a relatively uniform

increase in oy. The maximum angle through which the gas could expand for the
Mj = 5.0 nozzle was only about one-half of that for the previous Mj = 1.0
nozzle; therefore, fewer boundaries were computed. At a pressure ratio of
8,143 the boundary reached a maximum radius of 225 nozzle radii at a distance
of 1,050 radii downstream of the nozzle exit.

Boundary coordinates for a Mj = 4,79 nozzle with a half-angle ey of
26.5° are shown in figures 8(e) and 8(f) for pressure ratios ranging from about
29 up to 2,926. The maximum computed boundary at pj/poo = 2,926 corresponded

to r/rj = 188 at x/rj = 720.

The two boundaries in figure 8(g) were computed for comparison with experi-
mental results from a Mj = 2.22 nozzle having parallel exit flow at the two

specific pressure ratios shown. Also given are the internal shock coordinates
as obtained from the computer program. These shocks appear to originate at some
distance downstream of the nozzle exit; however, if an infinitely small point
spacing is selected, the shock would approach the nozzle exit.

Maximum jet boundary coordinates.- Rapid determination of the size of the
exhaust jet at the maximum diameter of the exhaust plume may be obtained from
figures 9(a) to 9(c) for three of the nozzles for which boundaries are pre-
sented. The maximum boundary coordinates, (x/r-) and (r/r-) , are shown

I/ max J/max

as a function of pressure ratio on logarithmic coordinates. From this figure
the maximum size of the Jjet boundary may be obtained for any intermediate pres-
sure ratio over the range of computed values. The nearly linear variation on
log-log paper of the maximum boundary size with pressure ratio permits extrap-
olation to much higher pressure ratios with an expectancy of good accuracy. s

Boundary contours from cross plots.- Construction of additional Jet
boundary contours at any intermediate pressure ratio, other than those specifi-
cally computed, may be obtained from the plots of figures 10(a) to 10(c) for
nozzles with exit Mach numbers and half-angles as follows: My = 1.0, 6y = 0°;

My = 5.0, 6y = 15°; and My = L.79, 6y = 26.5°. These plots were obtained by
cross plotting figures 8(a) to 8(g) at constant values of x/rj. The pressure

ratios corresponding to the computed boundaries are indicated by the ticks at
the bottom of each figure. It is noted that all curves of constant x/rj fair
asymptotically into a single curve which has been shown in figure 9 as the var-
iation of (%/rj) with pressure ratio.

max
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The only calculated boundaries in which the jet expanded in excess of 90°

were obtained for the My = 1.0 nozzles, and cross plots for this condition

are shown in figure 10(a). The initial turning angle first reached 90° at a
pressure ratio of 1,852, and this is indicated by the intersection of the line

for ;/rj = 0 with the pressure-ratio axis. At higher pressure ratios double

values of the boundary coordinate %/rj exist for all negative values of

x/rj. The locus of maximum absolute negative values of x/rj (in terms of
r/rj and pressure ratio), as defined by a line passing through the minimum
pressure-ratio point for each different negative value of x/rj, is shown to be
an essentially linear variation on log-log paper. At pressure ratios pj/p°°

on the order of 107, values of x/rj in excess of -15 nozzle radii exist
at values of r/rj of about 150 nozzle radii.

Bxperimental Results

Comparisons of experimental and theoretical results.- One of the primary
objectives of this investigation, in addition to computing the jet boundaries,
was to provide experimental confirmation of the calculation procedure. Experi-
mental results therefore consist of selected schlieren photographs of the free-
jet flow field obtained at constant flow conditions and also individual enlarge-
ments from high-speed schlieren motion pictures in which flow conditions were
continually varying. Photographs of the jet plume are shown in figures 11, 12,
and 13 for the My = 1.0, Mj = 2.22, and nominal Mj = 5.0 nozzles, respec-

tively. The computed jet boundaries, indicated by dots on the photographs, were
obtained from the cross plots of figure 10 at the jet pressure ratios corre-
sponding to those of the photographs. The series of photographs for the

My = 1.0 nozzle in figures 11(a) to 11(h) and the Mj = 2.22 nozzle shown in

figures 12(a) and 12(b) was taken in a test facility in which operating condi-
tions could be held constant; consequently, the schlieren sensitivity could be
adjusted for best results. Conversely, results obtained from the high-speed
motion pictures required a presetting of the schlieren sensitivity, which did
not always prove to be the correct setting. As a point of reference the grid
wires shown in figures 11(a) to 11l(h) and figures 12(a) and 12(b) were spaced
for 3-inch squares; for the small-scale models, figures 11(i) to 11(p) and fig-
ure 13, a 6-inch spacing of the grid wires was used.

Comparisons of computed boundaries with experimental results for the
M3y = 1.0 mnozzle in the pressure-ratio range of pq/pw = 11.5 to pj/pOo = 194.2

(figs. 11(a) to 11(h)) show that excellent agreement of the boundaries is
achieved. In each of these photographs the last point on the theoretical curve
corresponds to the location of the maximum diameter of the jet plume as obtained
in the calculations. Downstream of the maximum plume diameter the main flow
field appears to remain essentially constant in size; however, there is a con-
siderable increase in the amount of turbulence along the edge of the jet.

11



For all pressure ratios for which photographs of the flow field are shown,
the pressure ratios are sufficiently high that the familiar shock diamonds, or
periodic chain-like jet structures, have been reduced to a single lobe with the
accompanying normal shock. Downstream of the normal shock the jet plume appears
to consist primarily of turbulent subsonic flow. That the flow is subsonic is
evident by the lack of any additional shock structure or lobes typical of those
generally associated with free Jjets at pressure ratios near the nozzle design
value. The schlieren sensitivity and viewing distance downstream of the initial
normal shock are believed to be sufficient for detection of other lobes or shock
structure if they were present in the flow.

Photographic enlargements of individual frames from the motlion-picture
film, showing the free-jet discharge from the small-scale model, are shown in
figures 11(i) to 11(p) for the Mj = 1.0 nozzle at pressure ratios ranging

from pj/poo = 9,190 to pj/p00 = 102,180. Again, good agreement exists between

the computed and experimental jet boundaries. The distance over which the
clearly defined boundary exists appears to be a function of pressure ratio; the
higher the pressure ratio the greater the length of boundary definition. As
shown in figure 11(p) the boundary definition extends out to the approximate
location of the second grid wire, 12 inches or about 96 nozzle-exit diameters,
where it begins to form a general fan shape and becomes less clearly defined
with increasing distance from the nozzle. At the outer edge of the photograph
the boundary is completely obscured. The fan region appears very unstable in
the motion pictures with rather violent in-and-out fluctuations which increase
with distance away from the nozzle. These violent fluctuations in the neighbor-
hood of the jet boundary were also observed and reported in reference 10,
described as a turbulent mixing region, in which motion pictures were made of
the exhaust region from the rocket motor of a second-stage flight vehicle in
the presence of an external flow field. Motion pictures of the current tests
show considerable turbulence with the computed boundary defining the outermost
edge of the fan region.

An additional point of interest concerns the location of the normal shock
with respect to the location of the maximum jet plume diameter. At low pressure
ratios the normal shock is located downstream of the maximum Jjet plume diameter,
whereas at the higher pressure ratios the shock location occurs ahead of the
maximum diameter. A comparison of figures 11(a) and 11(i) indicates these
phenomena.

Schlieren photographs of free-jet flow from a Mj = 2.22 contoured nozzle

are shown in figures 12(a) and 12(b) in which both the computed boundary and
internal shock are indicated, A limiting minimum value of ambient pressure
restricted the maximum pressure ratio to a relatively low value of pj/poo = 37.7.

Good agreement is indicated for both the jet boundary and the location of the
internal shock.

Theoretical and experimental jet plume boundaries for the nominal My = 5.0

nozzle are shown in figures 13(a) to 13(e). It should be emphasized here that
the theoretical calculations were based on the actual exit Mach number of 4.79
and nozzle half-angle of 26.5°, which are both considerably different from the
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inviscid design value. The good agreement between theoretical and experimental
boundaries indicates that the method of obtaining the nozzle half-angle in the
presence of a boundary layer of unknown thickness is an acceptable procedure
for small-scale models.

Further details of the flow phenomena associated with exhaust jets, which
were not readily apparent in the individual motion-picture frames (figs. 13(a)
to 13(e)), were determined from the schlieren motion pictures. Boundary defini-
tion at pj/pc° = 85, figure 13(a), extended about halfway between the end of

the nozzle and the upper edge of the photograph (x/rj = 29). Downstream of

this approximate location severe turbulence exists on, and obliterates, the Jet
boundary. As pressure ratio lncreases the boundary definition extends further
downstream of the nozzle exit and appears to delay the onset of the turbulence.
The edge of the jet is again subject to violent in-and-out fluctuations, some-
what less severe than those described for the Mj = 1.0 Jet. Vortices appear

to form on the jet boundary at the approximate location of the fadeout in bound-
ary definition with substantial growth occurring with increasing distance down-
stream of the nozzle exit. The theoretical boundary defines very closely the
outer edge of both the visible boundary near the nozzle exit and also the tur-
bulent region that exists further downstream.

Comparisons of characteristic and empirical solutions.- In view of the
obvious complications and time involved in the characteristic calculations, an
empirical method of computing jet boundaries proves to be extremely beneficial.
Such a method was developed in reference 19 and permits both rapid and satis-
factory calculations of the initial portion of jet boundaries for a wide range
of nozzle Mach numbers, specific-heat ratios, and pressure ratios. A compari-
son of boundaries computed by the method of characteristics and by the empirical
method of reference 19 is shown in figures 14(a) and 1U(b) for the My = 1.0

and Mj = 5.0 nozzles, respectively, to determine to what extent the empirical

solutions are in agreement.

Results are presented in figure 14(a) for the Mj = 1.0 nozzle at pres-
sure ratios ranging from pj/poo = 45° to pj/pw = 45,000. 1In general, the
empirical boundaries fall slightly below the characteristic curves near the
nozzle exit but finally cross over and continually deviate in such a manner as
to produce boundaries larger than those indicated for the characteristic solu-

tion. Satisfactory comparisons of the boundaries are obtained for values of
r/rj up to about 5 at the lowest pressure ratio and up to about 10 for

pj/p0° = 45,000. Thus, when interest in the jet boundary is restricted to a

region relatively close to the nozzle exit, the empirical solution provides a
rapid and relatively accurate method for approximating the boundary. Similar
results are shown in figure 14(b) for the Mj = 5.0 nozzle at pressure ratios

from pJ-/poo = 20 to Pj/Pm = 2,000. Correlation of the two methods of calcu-

lations is again good with the range of agreement extending over a somewhat
greater range than the Mach 1.0 results.
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Location and diameter of Riemann wave (normal shock).- The effects of jet

pressure ratio on the nondimensional distance along the Jjet axis from the plane
.of the nozzle exit to the location of the Riemann wave (Z/dﬂ) are shown in fig-

ure 15(a) for the Mj = 1.0 nozzle. Also shown for comparison are the results

obtained from figure 8(a) of reference 18. With both the nondimensional dis-
tance Z/dj and pressure ratio Pj/Pm plotted on log coordinates the result

is a near linear variation over the range of pressure ratios for which the
shock position could be determined.

The schlieren photographs of figures 11(a) to 11(p) show that the thick-
ness of the shock at times may be as much as several nozzle-exit diameters.
However, this is probably a three-dimensional effect which produces an illusion
of considerable shock thickness. The values shown in figure 15 are the average
distances. It is of interest to note also that the motion pictures show a high-
frequency pulsation of the Riemann wave along the nozzle axial center line with
an amplitude roughly equivalent to the apparent shock thickness shown in the
photographs. Instability at the outer edges of the Riemann wave diameter is
even more pronounced with fluctuations in location occurring first on one side
of the center line and then on the other. These fluctuations appear to be
dependent on local pressure and become increasingly severe at the extremely low
pressures and high Mach numbers within the exhaust plume.

Figure 15(b) presents results of the normal-shock location for a contoured
nozzle with an exit Mach number of 2.22. Figure 15(c) presents previously
unpublished data from a contoured Mj = 2.63 nozzle. Again on log-log paper,

linear variations of the shock location with pressure ratio are shown, which
indicate that extrapolations may be made to higher pressure ratios with a prob-
ability of fair accuracy. However, in these figures it is shown that ambient
pressure has a definite effect on the shock location. At a given pressure ratio
the lower the ambient pressure the less the distance from the nozzle exit to the
location of the normal shock. Although the effect is small at the lower pres-
sure ratios, in terms of nozzle diameters, slightly larger effects are indicated
for the higher pressure ratios.

The effect of jet pressure ratio upon the nondimensional diameter of the
normal shock (S/dj) is shown in figure 16 for the sonic nozzle. The current

data span the limited date included from figure 9(a) of reference 18 and extend
the pressure-ratio range for which the shock diameter could be determined to
pj/poo of about 30,000. In general, agreement of both sets of data is very

good. Some uncertainty exists in measuring the shock diameter at the highest
pressure ratios (see figs. 11(i) to 11(p)), resulting in the scatter of data
points at the high-pressure-ratio end of the curve. The maximum scatter is on
the order of approximately 15 nozzle diameters. The extension of data provided
in the current tests indicates, for pressure ratios in excess of Pj/Pm of 10,

that the variation in shock diameter is essentially a linear variation with
pressure ratio on log-log paper. At a pressure ratio of 30,000 the shock has a
diameter of approximately 100 nozzle diameters, which is equivalent to roughly
30 percent of the maximum jet plume diameter (see fig. 9(a) for jet plume size).
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SUMMARY OF RESULTS

An experimental and theoretical investigation of highly underexpanded free-
Jjet boundaries has been conducted. The experimental program, initiated to
verify the theoretical calculations of the boundaries and internal-shock posi-
tions, was conducted with unheated air and consisted of obtaining schlieren
prhotographs of exhaust jet boundaries from nozzles having design exit Mach num-
bers of 1.0, 2.22, and 5.

Extensive modifications to an existing characteristics-method computer
program have been made which permit extension of the calculations of free-Jjet
boundaries to high pressure ratios and large distances downstream of the nozzle
exit. The calculations procedure has been incorporated into a computer program
which facilitates rapid calculations of jet exhaust characteristics. A FORTRAN
program for use on an IBM 7094 electronic data processing system is presented.

Based on the calculations using the method of characteristics and the
experimental tests, the following results were obtained:

1. Theoretical jet boundaries have been calculated and contour plots devel-~
oped which permit construction of jet boundaries for the following nozzles:
Mach 1.0, Mach 5.0 (wall angle 15°), and Mach L4.79 (wall angle 26.5°). Partial

or complete jet boundaries may be constructed at pressure ratios up to 107, 107,

and 0.5 X 104 for the three nozzles, respectively.

2. For a given nozzle configuration it was found that the maximum jet
boundary size varied almost linearly on logarithmic coordinates with the ratio
of nozzle-exit pressure to ambient pressure. For the Mach 1.0, 5.0, and k.79
nozzles the calculated maximum radius of the jet boundary was 450, 225, and 188
nozzle radii at a distance of 1,300, 1,050, and 720 nozzle radii downstream of
the nozzle exit, respectively, at corresponding pressure ratios of 45,000,
8,143, and 2,926. Experimental results indicated an almost constant jet plume
size downstream of the maximum plume diameter.

3. Comparisons of theoretical and experimental jet boundaries show good
agreement over the complete range of pressure ratios investigated. Limited
comparisons of the theoretical and experimental internal-shock location also
showed very good correlation.

4, Experimental results at low pressure ratios show the Riemann wave (nor-
mal shock) to be positioned downstream of the maximum plume diameter, whereas
at the higher pressure ratios the shock location occurs upstream of the maximum
diameter. At the higher pressure ratios the familiar shock diamond structure
reduces to a single lobe, or normal shock. The location of the shock down-
stream of the nozzle exit and also the maximum diameter of the shock have a
near linear relationship on logarithmic coordinates with the ratio of nozzle-
exit pressure to ambient pressure.

Langley Research Center,
National Aeronautics and Space Administration,
Langley Station, Hampton, Va., February 26, 196k4.
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APPENDIX A
DETERMINATTON OF LEADING CHARACTERISTIC LINE

Input Data

Calculations of a characteristic network including the input quantities
when computed by hand calculators are both lengthy and time consuming, particu-
larly when large numbers of input points along the leading characteristic line
are desired. A program has therefore been set up to machine compute and deliver
the input data in punchcard form, which may be placed directly in the charac-
teristic network program. Through additional processes the data may be indi-
cated numerically on the cards or tabulated for visual inspection. The fol-
lowing paragraphs describe the important features of the leading characteristic
line and give an example of the required input information.

Regardless of the type of nozzle, either contoured for parallel flow at
the exit or conical with radial-exit flow, several initial conditions depending
only on nozzle design are immediately known, namely: Mj, Oy, K, vy, and 7.

With these nozzle characteristics it is possible to determine the leading char-
acteristic, or Mach, line which separates the nozzle flow from the external

influence of ambient pressure. The only limitation is that the nozzle must be
operating in an underexpanded condition such that the pressure ratio pj/poo is

greater than 1.0.

Conical nozzle.- The inherent radial flow properties of a conical nozzle
result in a curved leading characteristic line; therefore, all flow conditions
along this line are continually varying. It is therefore necessary to deter-
mine for each x and Yy location along this line the flow properties required
in the calculations. It should be pointed out that all phases of the character-
istic program calculations are performed below the nozzle center line, and that
all procedures are set up on this basis.

Point spacings along the leading characteristic are determined, for con-
venience, in terms of Mach number increments. At low pressure ratios large
point spacings may be used whereas for higher pressure ratios a much closer
spacing is required immediately downstream of the nozzle exit. No criterion
for explicit point spacing, or Mach number increments, exists and, therefore,
individual judgment must be used depending on the length of the leading char-
acteristic and the Mach number change from the nozzle exit tc the intersection
of the leading characteristic with the nozzle center line. Several groups of
Mach number increments are usually calculated; for example, the leading char-
acteristic shown in sketch (Al) has been divided into three different groups
of Mach number increments - small increments in group 1 and larger increments
in groups 2 and 3. If the characteristic program terminates before reaching
the maximum jet boundary, it may be necessary to use smaller Mach number incre-
ments in group 1.
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As an aid in selecting the Mach number increments along the leading char-
acteristic line, the Mach number at the intersection of the leading character-
istic with the nozzle axial center line is determined by the method of refer-
ence 18. The Prandtl-Meyer expansion angle at the center line is:

ve = vy + 20y (A1)

The change in flow direction between the nozzle exit and end of the leading
characteristic reduces to 6y, since the flow direction is zero at the center
line. The Mach number corresponding to the Prandtl-Meyer expansion angle vy

may be obtained from gas flow tables (refs. 29 and 30, for example) at the
appropriate value of 7. Other parameters needed, in addition to the selected
Mach number increments, are: Mj, Oy, and 7. From the input data the com-

puter program determines the flow properties at various points along the
leading characteristic line until the nozzle axial center line is reached.
Input data downstream of the end of the leading characteristic are not required
since the characteristic network program (appendix C) contains provisions for
computing these flow properties.

The end point of the leading characteristic (on the nozzle center line)
may be obtained from the following expressions given in reference 18 for cal-
culating the shape of the leading characteristic. (See sketch (Al).)

_
L(y-1) _L_
_ 2 1 7-1
R = cl} + - l(ﬂz-):l M (A2)
x = R cos & - Ry cos Oy (a3)

From the initial flow properties just at the nozzle exit, My, u, 7, and @y,
the constant C may be determined. By using this constant and the Mach number

17



obtained from expression (Al) and gas flow tables, with its corresponding value
of u, the expressions (A2) and (A3) yield the desired x location.

Other basic equations used in this program, in addition to (A2) and (A3),
are as follows:

B = tan-1 ————l ) (AL")

7y +1 -1 7 = 1 -1\ [y2
v = tan (M - l) - tan M= -1 A
T3 \/“l \ (85)

¥y = -R|sin o (A6)

Example of input data for a conical nozzle.- For a nozzle with the known

exit conditions of Mj = 5.0, ey = 159, and 7 = 1.4, the additional required

engineering input is obtained in the following manner. From the known exit
conditions and equation (Al) the values of Ve and M at the point of inter-

section of the leading characteristic with the axial center line are found to
be v¢ = 106.92° and M = 12.02. The Mach number increments are arbitrarily

chosen as follows:

oM Mismit
0.05 7.0
.10 10.0
.15 12.1

The final Mach number of 12.1 was chosen slightly larger than the computed value
of 12.02 in order to allow the program to determine a more accurate final Mach
number. Since three different Mach number increments were selected, there will
be three input cards - each containing the known exit conditions and one of the
Mach number increments with its corresponding final Mach number. The computer
program uses the data contained on the three input cards and calculates the
coordinates and other flow conditions required for the characteristic network
calculations.

Contoured nozzle.~ In contrast to the conical nozzles, the leading char-
acteristic associated with contoured nozzles designed for parallel exit flow is
a straight line as shown in sketch (A2). As a result, all flow conditions
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along this line are constant. The inclination of this line with respect to
the nozzle axial center line is equivalent to the Mach angle u corresponding
to the nozzle-exit Mach number. Closely spaced points near the nozzle exit,

Center ligg_ ‘ *

/<<:i;;;;ing characteristic

Sketch (A2)

similar to the point spacing discussed for the conical nozzle, are again
recommended.

Sonic nozzle.- The leading-characteristic input conditions for a sonic
nozzle are similar to those for the contoured nozzle. However, if My is

exactly equal to 1.0, the slope of the leading characteristic is infinite and
the characteristic program will not function under these conditions. For this

reason, the initial conditions of Mj = 1.0038 and p = 85° were selected for

the current program. Reference 18 showed that a similar selection resulted in
negligible effects upon the free-jet boundary shape.

Computer Program

A computer program has been developed for calculating the leading char-
acteristic line of a conical nozzle. This program, written in FORTRAN language
(see ref. 31), may be used on the IBM 7094 electronic data processing system.

The input requirements for this program consist of: (1) the nozzle-exit
Mach number M;, (2) the flow direction at the nozzle lip 6y, (3) the ratio of

specific heats 7, (4) the Mach number increments AM, and (5) the limiting
Mach number for each Mach number increment for which the flow conditions are
to be determined. From these input data a series of points defining the
leading characteristic line are calculated, and cards are punched to be used
as input for a computer program that calculates the characteristic network of
a free-jet boundary (see appendix C).

This particular program is capable of computing the leading characteristic

for several different Mach number increments during one machine run. The pro-
gram output for each computed point is x, ¥y, 6, and M and is as follows:
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PUNCHES INPUT CARDS FOR FREE JET INVESTIGATION (P-5430)
INPUT FOR A CASE
THETAs MACH NOe+ LIMITING MACH NOes DELTA MACHs GAMMA

DEG=57,29578
WRITE (64+50)
FORMAT (1H1 /28HOLEADING CHARACTERISTIC LINEAX6HP~5432)

INPUT A CARD

READ (S¢15)FTH+FMACHsEMACH « DEL ¢« GAMMA
FORMAT (5F740)
WRITE (&6+455)1GAMMA
FORMAT(///THOGAMMA=IF73///
1SX4HMACHL X1 HX19X1IHY 19X 1HTHETAs DEGe9XBHMUs DEGe///}
DU=0e0
XC=0e0
FTH=FTH/DEG
C1=GAMMA—-1,.,0
C2=GAMMA+1.0
C3=FMACH*%2
C4=C3-1.0
CS5=SQRT(CA)
EQUATION Aa
FMUC=ATAN{140/CS5)
A=2,0/C1
B3C2/(4.0%C1)
D=1.0/C1
SA=SQRT(C2/C1)
SA1=1e0/SA
SBx=SARATAN(SA] #C5)
EQUATION AS
U=SB~ATAN(CS)
RN=1a0/SIN(FTHY
CE=RN/{((1404A%(140/C3))X*D I ¥ (FMACHRRD))
R=RN
GO TO 8
IF(THETC)IS« 746
FMACH=FMACH+DEL

EXIT IF MACH GREATER THAN LIMITING VALUE

IF (EMACH=-FMACH) 7475.:75
C3=FMACH#*%2
C4=C3~140
CS=SQRT(CA)
FMUC=ATAN(1+0/CS)
SB=SA®(ATAN(SA1#CS))
U2=58~-ATAN(CS)
DuU=y2-uU

EQUATION A2
RaC*((1e0+A%(140/C3))¥¥B) % (FMACH®XD)
DTH=-«5%DU
TH2=FTH4+DTH
THETC=-TH2*#DEG
IF(THETCYAa 4744
X1=xC

EQUATION A1l
UBL=2+O*FTH+U

EQUATION A3
XC=R#COS(TH2 )= (RNXCOS(FTH) )

EQUATION A6
YC=~-RASIN(TH2)
IF(THETC)11411412
uz21=u2
FMUC=F E#DEG

PUNCH AND PRINT

PUNCH 17eXCsYC+THETC sFMUC
FORMAT(4E16e8)

WRITE (6+860)1FMACHIXCaYCs THETCoFMUC
FORMAT (SE20.8)

GO TO 2

UR=(U2L-UZ21 )/ (U2-U21)
FMACH2UR¥DEL+ (FMACH-DEL )

XC3URE (XC=-X1)+X1
FMUC=ATAN(1+0/S0RT (FMACH®%2~140))
THETC=0e0

YC=0e0

GO TO 11

END




APPENDIX B
DETERMINATION OF CORNER EXPANSION FAN

Input Data

An additional input requirement for computing a characteristic network is
the corner expansion fan just at the nozzle exit. A computer program has been
developed for a high-speed digital computer to provide these data in suitable
form to be used directly in the characteristic program. Primary consideration
was directed toward expediency by limiting the amount of engineering input
required.

Two-dimensional flow can be assumed to exist at the nozzle lip. A further
assumption of instantaneous expansion permits evaluation of all flow conditions
at the coordinates x/rj =0 and y/rj = -1.0. The initial consideration con-

sists of determining the change in Mach angle u between that for the design

exit Mach number and the final value as fixed by the particular pressure ratio

Pm/Pt 3 for which a characteristic net is to be computed. This change in Mach
J

angle pu 1s then divided into a number of increments, which determines the
value of Ay to be used in the input data.

The following table illustrates the general procedure for supplying the
input data:

Initial Final
M L i e e e e e e e e e e e e e e e e e e e e e e . k9987008 7.2756624
B, A8Z + « 4 4 4 4 4 e e e e e e e e e e e e+« + . 15,000000 30. 462664
By G o v v « ¢ « « 4 4 4 e e e e e s e e s s« . . 11.539999 7.8999996
Vy QEE & v v o & v o & o o 4 4 4 e e e e e e e e . . T6.9080k1 92.370705
Yy A « v v v 4 e e e e e e e e e e e e .« « . 1.3999999

For the known initial conditions at the nozzle exit it is desired to find the
final conditions for Pj/Pm = 10.095 1in order to compute the input data. From

the nozzle-exit pressure ratio pj/Pt,j at y = 1.4 and the static-pressure

ratio Pj/Pm the boundary Mach number corresponding to the pressure ratio

Pm/Pt,j is found to be T7.275662L. The corresponding values of p and v at

the boundary Mach number are obtained from flow tables (ref. 28, for example).
The final flow direction 6pipng] 1is synonymous with the initial turning angle

oy and is found from the expression

21

T



Ofinal = ON = vV - vy t+ Oy (B1)

The value of Au, although selected somewhat arbitrarily, may then be deter-
mined by the number of rays desired for the variation in 6. Thus, if 6
changes by approximately 15.5° and one expansion ray is desired for each 10
change in 6, then the change in Mach angle u between the initial and final
values should be divided into increments of 0.23° (i.e., AMAu = 0.23°). The
number of significant figures for which XAu 1is given is unimportant since the
computer program assumes this is an absolute number and gives results for other
parameters out to eight significant figures. However, the initial and final
values of p should be determined as accurately as possible. The required
input to the computer program utilizing the change in Mach angle u Dbetween
the initial and final conditions is listed as follows:

2 1.k

X/I‘j............................. 0.0

y/rj e & e & e s s e e e e s s a e % @& * s s e s w e s e e s = -1.0
S I L=~ T T 15.0
“’initial ’ deg o I 539999

My AEE v 4 v v i 4t i e e s e e e s e e e e e e e e e e .. 0.23
Heinals Q88 « « + + o o o v e e e e e e e e e e e .. T.8999996

Computer Program

A computer program has been developed for calculating the corner expansion
rays to be used as input data in the characteristic network calculation proce-
dure and is applicable to either conical or contoured nozzles. Input require-
ments for this program consist of initial flow conditions at the nozzle exit,

L, On, and 7y, a value for Mach angle increments XM, and the value of u
corresponding to the boundary conditions. The Mach angle increment is deter-
mined from the fineness desired in the characteristic network. The program
computes the various flow conditions corresponding to the designated Mach angles
and cards are punched, which may be placed directly in the characteristic pro-
gram (appendix C). This program is written in FORTRAN language for the IBM TO94
electronic data processing system and contains equations (or versions of) (Ak),
(A5), and (Bl). It is as follows:
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P-5433 CORNER EXPANSION RAY PROGRAM
PUNCHES INPUT CARDS FOR FREE JET INVESTIGATION (P-5430)

INPUT FOR A CASE

1ST DATA CARD
FIRST MUs FIRST THETA. GAMMA
DATA CARDS 2+344s00ces
MU VALUE.DELTA MUSTOPPING MU VALUE

CON= o 17453292E-01
XA=0¢0
YA=—-140
WRITE (6e2)
2 FORMAT(1H1/21HOCORNER EXPANSION RAYAXSHP-%433)

READ 1ST DATA CARD

READ (S5+4)FMUATHETA+GAMMA
4 FORMAT(1IF940+2F720)
THETA=-THETA
WRITE (6+6)GAMMA
6& FORMAT (///7THOGAMMAxFT7e3///
15X4HMACH]I 6X1HX19X1HY 19X 1HTHETAY DEGe9X
28HMU. DEGe12X7HVs DEGe///)
TH2=THETA®CON
FMUZ2*FMUA*CON
Hz (GAMMA~140)/ (GAMMA+1 40
H1 =SORT ( (GAMMA+1,0)/ (GAMMA~1 ¢0))

COMPUTE STARTING VALUES
EQUATION Aa

FMACH=1.0/SIN(FMU2)
ABCD=FMACH®%#2=1.0
VPAR=HI®#ATAN(SQRT (H®ABCD))

EQUATION AS
V2=VPAR-ATAN(SQRT (ABCD))
VPR=v2/CON

PUNCH AND PRINT

PUNCH 10+¢XAsYATHETA FMUA
10 FORMAT (4E1648)

WRITE (6+15)FMACHXAWYAs THETASFMUA VPR
13 FORMAT(6E20.8)

SAVE THETA AND V

vi=v2
TH1=TH2

INPUT DATA CARD

20 READ (S+4)FMUA+DEL «ENDMU

30 FMUZ=FMUA#CON
FMACH=1 ¢ O/SIN(FMU2)
ABCD=FMACH®#2-10
VPAR=H1#ATAN(SQRT (H*ABCD))
Vv23VPAR-ATAN(SQRT (ABCD) )

EQUATION Bt

TH2=V1-V24+TH1
THETA=TH2/CON
VPR=v2/CON

PUNCH AND PRINT

PUNCH 10¢XAsYATHETAFMUA
WRITE (6¢15)1FMACH«XA+YATHETAFMUA VPR

SAVE THETA AND V

vi=y2
TH1=TH2

DECREMENT mu
FMUA=FMUA-DEL
CHECK STOPPING MU

IF (ENDMU=FMUA ) 30+ 30420
END
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APPENDIX C

CHARACTERISTIC METHOD FOR CALCULATING FREE-JET BOUNDARTES

General Description of Characteristic Network

The calculation of free-jet boundaries by the method of characteristics
makes use of three-dimensional irrotational equations of flow. The character-
istic net describing the flow field, a lattice point-type structure requiring
no iteration, is machine computed in a point-to-point calculation procedure.
Computations begin with a set of given conditions on the leading characteristic
plus the conditions for a series of two-dimensional expansion rays originating
at the nozzle 1lip. The existing program, permitting calculations to high pres-
sure ratios and large distances downstream of the nozzle exit, is the result of
extensive modifications and refinement of the program used in reference 18.

The general assumptions concerning the characteristic network are:

(1) The characteristic solution assumes a constant ambient pressure and
hence constant Mach number boundary.

(2) The ratio of specific heats ¥ remains constant in all calculations.
(3) Isentropic flow is assumed to exist throughout the flow field.
Various sections of a typical characteristic net require different equa-
tions to determine the local flow properties. These sections are listed as
follows in order of their probable occurrence during the calculation procedure:
(1) solutions for general points.

(2) Solutions for points on the jet boundary.

(3) Solution for the intersection of characteristic lines of the same
family indicating the presence of an internal shock.

(4) Solution for a point adjacent to the nozzle axial center line.
(5) Solution for points on the center line.

Each of these topics is discussed in the following sections.
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An expanded view of a typical characteristic net is shown in sketch (C1).

Leading characteristic

Nozzle center line-\\ - (5) (17)

Nozzle

Sketch (C1)

The types of points in sketch (Cl) are identified as follows:

(1) nozzle 1ip, source for a series of given two-dimensional expansion rays

(2),(3),(4),(5) input data points on leading characteristic line

(6) last leading characteristic input data point (also first point on
center line)

(7),(8),(9),(20),(12),(12),(13) general points

(14) boundary points

(15) same family points (internal shock)
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(16) points adjacent to center line

(17) center-line point
Symbols
M Mach number
T temperature, °R
v velocity, ft/sec
v limiting velocity, ft/sec
W ratio of local velocity to limiting velocity ‘
X,¥ Cartesian coordinates, referred to nozzle radius
7 ratio of specific heats
0 flow angle between velocity vector and X-axis (positive in first quad-
rant and negative in fourth quadrant), radians
M Mach angle, sin-1 %, radians
o density, slugs/cu ft
Subscripts:
A points of first family
B points of second family
C points calculated from A and B .
t stagnation conditions

General-Point Solution

In supersonic flow if the flow conditions at two points near each other are
known, the flow conditions at.some point C, which is the intersection of two
characteristic lines of different families starting from the two known points,
can be determined. In sketch (Cl) calculations begin with the given conditions
at points (1) and (2) and proceed along the line containing points (2) and (14)
with use of the general-point solutions to find points (7) to (11) and the
boundary-point solution to find point (14). The procedure is then repeated
beginning with the given point (3) and the conditions as computed for point (7)
to find point (12); the points (12) and (8) are used to find (13), and so forth.
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An enlargement of points (3) and (7) as used in obtaining the general solu-

tion for point (12) is shown in sketch (C2).

-Y-axis

Sketch (C2)

X-axis

With all conditions known for points A and B, the flow conditions at point C
remain to be found. The upward sloping line AC, a characteristic of the first

family, is defined as

dy Yo ~Yp

= - = tan|6, +
dx  xg - xp (A HA)

The slope of line BC, a second-family characteristic, is defined as

o _Jc " Vs

= = tan(e - )
ax  xg - xp B =~ HUB

A simultaneous solution of equations (Cl) and (C2) yields

X tap(e_ﬁ +up) - ¥y Vg - xp tan(og - up)

tan(GA + ""‘A) - ta.n(eB - ]J.B)

xc

(c1)

(c2)

(c3)
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Now that xp is known, equation (C1) may be solved for the ¥y coordinate,
Yo, from

Yo = (xc - xA)tan(eA + “A) + ¥a (ck)

First- and second-family equations in terms of velocity are as follows (from
ref. 32, p. 264):

For the first family

A -
V—-—-dGAta.nuA-'LAy——O (c5)
A A
For the second family
avy dxp
— + 40 tan p, - — =0 (c6)
B B - UB

For definitions of 1, and mp, see equations (C9) and (C1l0). The velocity

terms may be reduced to the nondimensional ratio form of W by dividing through
by the limiting velocity Vj.

v
W=
V1

Therefore, in equations (C5) and (C6)

v

2) - Wo - Wa

\}

A
%%=%_%

vy

and
deg = 46y + 65 - 63

Substituting these expressions into equations (C5) and (C6) and solving simulta-
neously results in
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W W dax. dx, W
A A B A TA
tan + — tan d6p =1 - =— - [B) - Op|tan + -1 _-
( HB s uA> A g (A B) HB T Iig s Ay Wy

which is similar to the form in reference 32. By substituting

dep = (8¢ - 6a)
dxp = (x¢ - xa)

and
dxp = (x¢ - xB)

equation (C7) is reduced to the following form with only one unknown:

8o =
(WA tan pp + W tan “B)
where
sin p, sin 6, tan py
IA =
cos (GA + “A)
and
sin pg sin 6p tan pg
mB =

cos (9]3 - “B)

Now that 6p 1is known, equation (c5) is used to obtain

Wg = Wy + Waltan py(eg - ea) + ;—ﬁ(xc - xa)

The remaining parameters to be determined at point C are

-1
uc = sj_n"l 7 _lT -
2 WG

)
"WA - WA[-GA tan mp t i—i—(xc - XA)] + WB + WB[QB tan up + I;I__;'(XC - XB]

(c7)

(c8)

(c9)

(c10)

(c11)

(c12)
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Mg = ——— (c13)

sin pe
%E - 1 (c1k)
t -
1+ (7 >M2
2
and
1
= = — (c15)
P, L

Jet Boundary Point

Boundary-point calculations, although still dependent upon the basic first-
and second-family relationship, require a different form of the equations for
determining the conditions and location of the unknown boundary point C. As in
previous calculations it is necessary to adhere strictly to the signs associated
with the various angles. For these calculations (see sketch (C3)) it is noted

Jet boundary

Sketch (C3)
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that the line AC is actually a streamline, where previously the line AC has
been a characteristic line. The slopes of the streamline AC (first family) and
characteristic line BC (second family) are

Yo =

- A
Yo - Y
% ) xg - xi ) tan(eB ) “B) (exn)

The x location as determined from a simultaneous solution of equations (C16)
and (C1l7) is
x, tan 8, - y, + ¥p - X3 tan(eB - uB)

¢ = tan 6, - tan(eB - uB) (c18)

and from equation (C16)

Yo = (XC - xA)tan 8p + ¥a (c19)

Since the boundary Mach number is constant, Ho = Hp and WC = WA; the flow

direction at point C is obtained from the basic second-family form of equa-
tion (C6). In equation (C6)

dGB = 0p - 63

¥ -¥, X -*B
Wg B 7 ys

0~ = On + c20
c B r— (c20)

vhere mp is as defined in equation (C10).

Intersection of Same Family Characteristic Lines

The presence of a finite ambient pressure requires a turning of the jet
boundary in a downstream direction which in turn introduces a series of weak
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compression waves. These waves, which are shown in sketch (c4) and are members
of the first-family type of characteristic lines (see sketch (Cl)), eventually
intersect with the expansion rays originating at the nozzle exit or with each
other and form the internal shock. The intersecting characteristic lines, both
members of the first-family type of lines, are shown in sketch (C4). Prior to
the occurrence of this intersection at point (15), calculations progressing
along line 7 in sketch (C4) (arbitrarily identified lines and points) have
involved members of different families. The normal procedure of using points
(4) and (13) as A and B, respectively, to find (14) as C, and then using (5)
and (14) as new values of A and B to find point (16), results in a foldback

Sketch (Ck)

of the characteristic net (see ref. 18). Once the foldback has begun it becomes
progressively more severe and eventually a point is reached where the program
can no longer continue. 1In order to eliminate the foldback, flow conditions
must be found for the point of intersection (15); once these are found, then
points (15) and (13) may be used as A and B points, respectively, in the

general -point equations.

An enlargement of the two intersecting rays is shown in sketch (C5). Since
p is always considered to be positive and strict observance must be made of
the sign associated with the angle 6, the characteristic lines are both members
of the first family and the slopes are tan(6 + u); therefore,

dy\ _Yc ~Ya _
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Sketch (C5)

and

dy\ _Yc - YB _
<d__x—>B = X—————C — tan(eB + ;.J.B) (C22)

Simultaneous solution of these two equations yields

_ Xp tan(eé_-l- “A) -Ya +WyB - xB ta.n(eB + “B)

tan(eA + HA) - tan(eB + HB) (ce)

xo

and from equation (C21) yz is found to be identical to equation (CL).

In obtaining 6¢ at the intersection of two rays of the same family, it

is to be remembered that the primary difference between the general-point and
same-family solutions is a change in notation of the angle which the character-
istic lines make with respect to the X-axis - (@ + p) for the first family and
(8 - p) for the second family. Since the intersection of rays of the first
family is involved, (6 + p) must appear in all equations in which there is a com-
bination of 6 and p. It is therefore possible to use the general-point solu-
tion for 6 with the exception that the mp term must include cos(® + u).
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The equation for 6g is the same as equation (C8) except that

sin pp sin 6g tén MB

cos(eB + HB) (cak)

mB =

All other terms are identical to those of the general-point solution.

Point Adjacent to the Center Line

The characteristic lines used in defining flow conditions of a point adja-
cent to the axial center line involve a point on the center line, point B in
sketch (C6), for which the flow direction is 6y = 0°. The general-point equa-

tions (C3) and (C4) provide solutions for both x and y coordinates of

B Vs Nozzle center line

Sketch (C6)

point C; however, complications arise in determining 6¢ since the term

dx
mp —2B used in the second-family equation (C6) becomes indeterminate (Q) at the

B 0
axis. Reference 32 makes several simplifying assumptions and derives an equa-
tion for the second-family characteristic line BC which is:

A9 tan py, sin p
&-AetanuB- B B &x

= =0 ce
Wy cos pp yc (c25)

3L



Equation (C25), written for a point above the center line, conforms to condi-
tions below the center line in this report by changing the minus (-) sign in
front of the term (AB tan “B) to a plus (+) sign. An equation now exists for

a second-family characteristic line similar in form to the second-family line
in equation (C6). However, in equation (C25)

& Yo" *B_ 2
Ye Ye tan pp
and
sin Hy
—_="ban IJ'B
cOs 35z}

Substitution of these terms into equation (C25) along with the required sign
change produces

Wo - VWg

The simultaneous solution of the first-family equation (C5) and the second-
family equation (C26) yields

Xn - X
Wy - WA(—BA tan py + 1p —CyA—A> + Wp + 2Wgbp tan up

8 = : — N
¢ WA tan mp + EWB tan KB

(ca7)

The velocity ratio Wg and Mach angle p¢ may now be found by using the
general-point solutions.

Center-Line Point

The procedure for finding flow conditions at points along the nozzle axial
center line is simplified in that both Yo and 6¢ are zero. The intersection

of the leading characteristic with the center line is the last given point in
the input data; therefore, the intersection of the first expansion ray with the
center line is the first point of this type which must be calculated and is
shown in sketch (C7). An identical expansion originating at the opposite side
of the nozzle results in point B which is a mirror image of point A. As a
result of this similarity only the first-family characteristic line AC is needed
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Center line

Sketch (C7)

to determine the location of point C. With Yo and 6p equal to zero equa-
tion (Cl) reduces to

y
Xg = Xp - A (c28)
tan(GA + “'A)

Other parameters such as Wg, pg, and My may be found with the general-point

equations.

Computer Program

A computer program has been developed for calculating the characteristic
network of a Jjet boundary using three-dimensional irrotational equations of
flow. This program is written in FORTRAN language (ref. 31) and is presented
at the end of this appendix.

A set of initial conditions, x, ¥y, 6, and pu, defining a series of
points along the leading characteristic line is supplied to the computer in
addition to the conditions defining the point origins of a series of two-
dimensional expansion rays originating at the nozzle 1ip. The number of rays
given, for any given exit Mach number, depends upon the fineness of the charac-
teristic net desired and the pressure ratio in question. Computer programs have
been written that may be used to supply the initial conditions for the leading
characteristic line (see appendix A) and the conditions for the corner rays
(see appendix B).
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Points are computed along a downward sloping characteristic line from each
given point on the leading characteristic line until the boundary point is com-
puted. When the leading characteristic line is ended, points are computed
along the nozzle axial center line with two new points being computed by inter-
polation between normal successive center-line points. Additional character-
istic lines are computed originating at these center-line points. When |y|
has reached a maximum on the boundary, computation of points along character-
istic lines continues until x on the center line or on the leading character-
istic line has reached the value of x at the maximum boundary.

The following program has been used on the IBM 7094 electronic data proc-

essing system at the Langley Research Center to obtain the results presented
herein.
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P-5430 FREE JET INVESTIGATION — CHARACTERISTIC METHOD
INPUT FOR A CASE

1ST CARD TIDENTIFICATIONs COL+1-80
2ND CARD NOe« OF CORNER RAY CARDSs COLet-3
NOe OF LEADING CHARACTERISTIC CARDSs COLe4-6
VALUE OF LAST Y(RAY) READ INs COL+7~-13
GAMMA+ COL s 14-20
DATA CARDS 3s8ccesvess
1ST GROUP
EACH CARD (NOe OF CARDS GIVEN BY COLe+1-3 ON CARD 2)
DESCRIBES A POINT ON THE CORNER RAY AND CONTAINS
4 VALUES (Xe=Ys—=THETAMU)

2ND GROUP
EACH CARD (NOe OF CARDS GIVEN BY COL.4-6 ON CARD 2)
DESCRIBES A POINT ON THE LEADING CHARACTERISTIC
LINE AND CONTAINS & VALUES (Xe=Y«=THETA:MU)

DIMENSION CASE(14)sXA(400)sYA(400)s THETA(400) FMUA(400)
1WA (4003 «CHARAC (64700)sXC(400)+YC(400)s THETC(400)
2FMUC (470) «WC(A00) sFMACHC (400)
COMMON CASE«XA+YAsTHETAFMUA o WA«
1FMACHC e XC e YC e THETC s FMUC s WC « CHARAC o
2GM1 ¢+ GMI2 e XP ¢ LINE o+ NA «NC «NRAY ¢+ NREFL

INITIALIZATION SECTION

EQUATION (C13)
FMMUIX ) =14 /7S INIX)
DEG=57,29578
WRITE (541}
FORMAT (1H1///23HOFREE JET INVESTIGATIONAXEHP-S430///)
CALL SLITE (0)
NREFL =0
CALL DVCHK (KOOOFX)
GO TO(48+4)¢KO0OFX

N~

READ IN CASE
READ IST 2 CARDS

READ (S+5)CASE +L INE (NCHAR » YPREV ¢ GAMMA
FORMAT (I3A6+A2/21342F740)
NRAY=L INE~1

[ 3

READ CORNER RAY CARDS

READ (Se7)IXC(IIsYCLI)eTHETCLI) +FMUCIT Y oImi oL INE)
7 FORMAT (4E1640)

READ LEADING CHARACTERISTIC CARDS
READ {S«7)({CHARAC(I+J}elm]e8)eUx] sNCHAR)
PRINT ID AND GAMMA

WRITE (649 )CASE «GAMMA
9 FORMAT (1X13A64A2//7THOGAMMA=FT¢3///7)

SET READ TO DETERMINE LAST CHARACTERISTIC POINT GIVEN

IsNCHAR-1
DO 10 U=l
10 CHARAC(6+J)=0e0
CHARAC (6 NCHAR ) =1 40
WRITE(6.11)
11 FORMAT (6HO MACHI3X1HX1EX1HY16XSHTHETA
111 X2HMU1 4XTHWI SXSHT /TO 1 2X8HRHO/RHO0// )

GM1 =GAMMA=1¢0
GM12=GM1/240
XP=]40/GM1

CHMANGE THETA AND MU TO RADIANS
COMPUTE WC AND MACHC FROM INPUT MUC

DO 19 Ism1.LINE
THETC(1)=THETC(1)/DEG
FMUC (1) =FMUC(L1}/DEG
EQUATION (C12)
WC(I)=SART (GM1/ (2 RSIN(FMUC(T) ) %*R24GMI )
FMACHC (1 )=FMMUCFMUCTT) )
19 CONTINUVE

PRINT CORNER RAY

DO 22 I=1.+LINE
CALL PRINTI(FMACHC(T}eXClLI)eYCITI)eTHETC(I)
1FMUC (I }ewC(E) )
22 CONTINUE
CALL PREND

MOVE C ARRAY
DO 23 I=1.LINE

XA(1)mXC(1)
YALLIVRYCLIY
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26

28

338

a0

THETAL T yRTHEYCLL)
FMUA (1) =FMUC(1)
WALT)eWC (1)

CHANGE CHARACTERISTIC THETA AND MU TO RADIANS
COMPUTE ALL W FOR LEADING CHARACTERISTICS

DO 26 =1 +NCHAR
CHARAC (31 )sCHARAC (341 Y/DEG
CHARAC (4+ 1)2CHARAC (4413 /0EG
EQUATION (C12)
CHARAC (541 )2SGRT (GM1 /(24 #SIN(CHARAC (44 1) )RH24GM1 ))
CONTINUE

COMPUTE 1ST LINE-NO REFLECTION

ICELL=2
LEADCat
LINE=NRAY=1
NA=]

NC=1

MOVE 1$T LEADING CHARACTERISTIC TO 1ST C POINT

XCTCHARAC (1e1)

YC=CHARAC (241)

THETCeCHARAC (341)

FMUC=CHARAC (441 )

WC=CHARAC (841

WRITE(Ss11)

FMACHC =FMMU(FMUC)

CALL PRINT(FMACMCoXCoYCoTHETCsFMUCWC)

NAENAST

NC=NC4+1

CALL GENL (XA(NA) s YA(NAY s THETAINAY ¢FMUAINA) s WAINAY ¢
IXCUINC=1 3o YCINC~1) s THETC(NC=1 ) s FMUCINC~1} ¢ WCINC=1 3+
2XCINC)I s YCINCI s THETC (NCI+FMUCINC ) s WC INCY)
FMACHC (NC ) =FMMU (FMUC (NCY )

CALL PRINT(FMACHC (NC) s XCINCYsYCINC) s THETCINC ) o
1FMUCINC s WCINCY)

LINE=LINE=-1

IF(LINE)D98+40.35

NA=NA+1

NC=NC+1

CALL BNDRY(XA(NAY o YA (NA) s THETA(NAY sFMUA(NA) o WA (NAY +
IXCINC=1)+YCINC=1 )¢ THETCINC-1) e FMUCINC=1} s WC(NC—1)¢
2XCINC) e YCINC) o THETC(NC ) s FMUC (NC3 +WCINC) )

FMACHC (NC ) sFMMU (FMUC (NC) )

CALL PRINT(FMACHCINCI e XCINC) +YC(NC) + THETCINC)
TFMUC INC) ¢ WCINC )}

LINSANRAYSL
el eeks
MOVE C ARRAY

DO 45 I=14LINE
XACI)uXC(1Y
YACTY=YC(1)
THETA(T)=THETC(1)
FMUA LT ) =FMUC(TY

4% WACI)=wC(1)

NREFL =1

MODE 1 ~ SL2 OFFs READ=D
MAX BOUNDARY MOT REACHED, USE CHARAC LINE

100 MODE=}

102

104

LINE=NRAY4NREFL ~1
LEADCSLEADCH+]
NA=1

NC=1

MOVE LEADING CHARACTERISTIC TO 1ST C POINT

XCxCHARAC (1 +LEADC)
YCCHARAC (24LEADC)
THETC=CHARAC (3,LEADC)
FMUCaCHARAC (4 +LEADC)Y
WCECHARAC {5+ LEADC)

108 READ=CHARAC (6+LEADC)

WRITE(&+11)

FMACHC aFMMU (FMUC )

CALL PRINT{FMACHC«XCsYCs THETCsFMUCIWC)
TEST FOR 1ST CENTERL INE

IF(READ1998¢1100109

109 NAe2

NC=2

CALL OFCNT(XA(2)eYA(2)+THMETA(2)+FMUA (23 ¢WA(2)
IXCIFMUCIWCoXC(2)9YCI2)s THETCI2)+FMUCI2) 4WC(2))
FMACHC (2)=FMMU(FMUC(2) )

CALL PRINT(FMACHC(2)eXC(2)+YC(2)s THETCI2) 4
1FMUC (2)eWC(2))

LINE={ INE-1

110 NA=NA+I

NCENC+1

CALL GENL (XA(NAD+YACNAY o THETA(NAD JFMUACNA) WA (NA )+
1XCINC=1) +YC{NC=1) ¢ THETC (NC=1) sFMUCCNC~11 s WG CNC~1) ¢
BXGANC ¢ YC(NC) s THETE (NC ) o FMUC (NC ) o WG INE) }
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ann

non

BOOOOO

aonn ann

nNnoOo

t11
ti2

113
114

120
122

TFILINE=A ) 11201120111

CALL TEST

NA=NA

CALL TEST2(1SIG)

NC=NC

GO TO (114+123)s ISIG

FMACHC (NC ) =FMMU (FMUC (NC} )

CALL PRINT(FMACHC (NC)+XCINC) s YC(NC) ¢« THETCINC}s

1FMUC (NC) «WCINC) 3

LINE=LINE-1

IF (LINE)S98+120+110

NCaNC+1

CALL BNDRY(XA(NA) s YA(NAYeTHETAINA) +FMUAINAY s WA(NA) .

IXCINC=1) s YC(NC=1) s THETC(NC—1) s FMUC(NC=1) + WC(NC—1 134

2XCINCYI+ YCINC) s THETCINC )« FMUCINC) s WC INC) )

123

132
150
15)

152

260
201
202
204

FMACHC (NC)=FMMU (FMUC (NC 3 3
CALL PRINT(FMACHC (NC)«XCINCIsYCINC) s THETCINC)»

1FMUC (NC) « WC(INC) )

L INE2NRAY+NREFL +1
CALL PREND

MOVE ARRAYS

DO 125 I=1eLINE
XACT)=XC 1)
YACTI=YC(T)
THETA(1)=THETC (1)
FMUA (1)=FMUC(T)
WACI)Y=WC(T)

CONT INUE

TEST FOR NEXT MODE

IF(YPREV=YC(NC) )130+150150
CALL SLITE (2)
XMAX2XC (NC)

IF (READ)9984+300¢132
ICELL=3

GO TO 400

YPREV>YC (NC)
IF(READ)IS98, 1524151
ICELL=3

GO TO 200
NREFL=*NREFL+1

G0 TO 102

MODE Il = SL.2 OFF, READ NOT 0O
MAX BOUNDARY NOT REACHEDs CENTERLINE POINTS COMPUTED

moDE=2

GO TO (760+740.7003 ¢ ICELL

LINE=NRAY+NREFL-2

NA=NA+1

NC=NC+1

CALL GENL (XA(NA)}oYA(NA) s THETA(NA) JFMUA(NA) WA (NA) o

IXCINC=1) e YCINC=1) s THETCINC—1 ) s FMUC (NC=~1) ¢ WC{NC-1 )+

2XCINC Y1 YCINC) ¢ THETC(NC) s FMUC (NC) +WC (NC))

20%

206

207
208

210

IF(LINE=4)2064206+205

CALL TEST

NA=NA

CALL TEST2 (IS16)

NC=NC

GO TO (208.212)+151G

FMACHC (NC ) =FMMU (FMUC (NC) )

CALL PRINT{FMACHC(NC) s XCINC}sYCINC)s THETC(NC)»

IFMUC(NC) s WCINC)Y }

LINE=LINE=-1

IF (LINE)998+210+204

NC=NC+1

CALL BNDRY(XA(NAY YA (NA)+s THETA(NA) +FMUA(NAY ¢ WAINAY S

IXCINC—13¢YCINC—1)s THETCINC=1 )¢ FMUCINC=1) s WCINC=1)

Z2XCINC Y YCINC) s THETCINC) o FMUC (NT ) + WC (NC) }

212

215

220

23

o

FMACHC (NC )} =F MMU (FMUC (NC) )
CALL PRINT(FMACHCINC}eXCINC) ¢ YCINC) ¢ THETCINC) ¢

1FMUC {NC )+ WC(NC} )

L INE=NRAY+NREFL+1
CALL PREND

MOVE ARRAYS

DO 215 I=1+LINE
XACT)=XC(1)
YA(TIY=YC(T)
THETA(1)=THETC(1)
FMUA (I )=FMUC(E)
WA(I)=wC(I)
CONT I NUE

TEST FOR NEXT MODE

IF{YPREV~YC (NC) }230+220+220
YPREV=YC(NC?Y

GO TO 201

CALL SLITE (2)

XMAX=XC (NC Y

GO TO 400

MODE II! = SLZ2 ONe READ=0
MAX BOWNDARY REACHEDs WSE CHARAC LIN®
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300
302

[sXe 4]

onn

307

£

MODE =3
LINE=NRAY+NREEL-1
LEADC#LEADCH1
NA=1

Ne=1

MOVE CHARAC TO 1ST € POINT

XC=CHARAC (1 4L.EADC)

YC=2CHARAC (24LEADC)

THETC#CHARAC (3,L.EADC)

FMUC=CHARAC (4 « LEADC )

WC=CHARAC (3.LEADC)

READaCHARAC (&4LEADC)

IF (XC~XMAX)30%4308,990

WRITE(&+11)

FMACHC =FMMU (FMUC )

CALL PRINT(FMACHC ¢ XCasYCo THETCFMUCWC)

TEST FOR 1ST CENTERLINE

IF (READ)998.310+306

NA=2.

NC=2

CALL OFCNTIXA(2)eYA(2}4THETA(2)FMUALZ) WA ()0
IXCoFMUCWC s XC{2)e YCI2)2s THETC(2) s FMUC(2) T (2))
IF(XC(2)-XMAX ) 307307789

FMACHC (2)=FMMU(FMUC(2) )

CALL PRINT(FMACHC (2)eXCI2)eYCI2) s THETC(2),
IFMUC(2)eWC(2))

LINE=L INE=1

NA=NA+L

NC=NC+1

CALL GENL (XA (NAJsYA(NA)¢ THETA(NA) sFMUA(NA) sWA(NADY S
IXCINC~13 s YCINC~3 ) aTHETCINC=1 ) o FMUC(NC—1) ¢+ WC(NC=1 )+

2XCINCIsYCINC) s THETC (NC} ¢« FMUCINC ) o WC (NCY )

noo

320
329

330

33
338

non

asz2
353

356
370

onn

aon

ars

[aNe el

[s XN NeNeXse)

400
402
A0e

onn

TEST FOR MAX BOUNDARY X

TF (XC (NC)~XMAX ) 32043204350
ITF(LINE=4}330+330+329

CALL TEST

NA=NA

CALL TESTZ2 (I1SIG)

NC=NC

GO TO (335.370)¢ 1SIG
FMACHC (NC ) =FMMU(FMUC (NC) }
CALL PRINT(FMACHC (NC)sXCINC) s YCINCI s THETCINC )
IFMUC {NC) s WCINCY Y

LEINE=L INE~1
IFILINE)S984370+310

COMPUTE RAYS AND REFLECTIONS

LOOK=NC=1

TF (LOOK-NRAY ) 3524353358
NRAY =t 00K

NREFL =0

GO To 370
NREFL=LOOK~NRAY

L INE=NRAY+NREFL

CALL PREND

EXIT TEST
IF{NRAY~1)990:¢990+37%
MOVE ARRAYS

DO 380 I=1.LINE
XALIy=XC(1)
YAU1)=YCC(1)
THETA(1)=THETC (1)
FMUA (T y=FMUC(T )
WACT)y=wC(l)

CONT INUE
TEST FOR NEXT MODE
IF{READ)998,:302.382
1CELL =3
MODE IV - SL2 ONe READ NOT O
MAX BOUNDARY REACHED: CENTERLINE POINTS COMPUTED
MODE=4

GO TO (760¢740,700)¢1CELL

LINE=NRAY+NREF =2

IF (LINE) 998,470+408

NA=NA+1

NC=NC+1

CALL GENL (XA{NA) s YAINA) ¢ THETA(NA) ¢FMUA(NAY JWA(NAY
IXCINC=1) ¢ YCINC-1) s THETCINC—1 } s FMUCINC—1) ¢ WC(NC=1 )¢
2XCENC) s YCINC) ¢ THETC (NC) + FMUC INC} + WC (NC))

TEST FOR MAX BOUNDARY X

IF (XCCNCI=XMAX ) 4204320+4509

41
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420 ITP(LINE<4343044300429
429 CALL TEST
NA=NA
430 CALL TEST2 (1S516)
NC=NC
431 GO TO (448.470). ISIG
445 FMACHC (NC)=FMMU (FMUC (NC) )
CALL PRINT(FMACHC (NC) e XCINC) ¢ YCINC) s THETC(NC? o
1FMUC (NC) s WCINC) )
LINE=sL INE—1
I (LINE)998+470.408

COMPUTE RAYS AND REFLECTIONS

450 LOOK=NC-1

IF (LOOK~NRAY ) 452+ 453 (456
482 NRAY=LOOK
4%3 NREFL=0

GO TO 470
456 NREFL=LOOK-NRAY -
470 LINESNRAY+NREFL

CALL PREND

MOVE ARRAYS

ATS DO 480 Isi.LINE
XA (T )=XC(I)Y
YA(I)=YC(1)
THETA(I)=THETC(I)
FMUA(E)Y=FMUCTT)
WALI)=WC(])

AB0 CONTINUE
GO TO 402

INTERPOLATION SECTION FOR CENTERLINE POINTS

FOR ICELL®D

700 ICELL=2
NA=2
NC=2
CALL CENTL(XA(2)aYA(2)+THETA(2)«FMUA(2) +sWA(2) s
1TX e TMUS TW)

COMPUTE DELTAS AND SAVE

DELX= (TX=XA)/30e
OELMU= ( TMU—FMUA) /3
DELW=(TW~WA) /3,

COMPUTE 1/3 DISTANCE FOR New ¢

XC=DELX+XA
FMUCEDELMUHMUA
WCE=DELW+WA

SENSE LIGHT TEST

712 CALL SLITET(2+KO00FX)
GO TO(715.720)+K000FX
71% CALL SLITE (2)
IF{XC-XMAX 72047204990
720 WRITE(6e11)
FMACHC=FMMU ( FMUC )
CALL PRINT(FMACHC+XCsYCa THETCoFMUCIWC)

COMPUTE 1 PT OFF CENTERLINE

CALL OFCNT(XA(2)eYA(2)s THETAC2)eFMUA(2) «WA(2) o
IXCeFMUCsWC e
2XC(2)eYC(2) s THETC(2) sFMUC(2) +WC(2) )

CALL SLITET(2¢KO0OFX)

GO TOU72%4+730)+K000FX
725 CALL SLITE (2)

IFIXC(2)-XMAX ) 7274727728
T27 FMACHC(2)=FMMU(FMUC(2))

CALL PRINT(FMACHC (23 ¢XC(2)sYC(2) e THETC(2) o
IFMUC(2)eWC(2) )

GO TO 404

728 NRAY=]

NREFL=0
LINE=}

CALL PREND
GO To 990

T30 FMACHC (2)=FMMUIFMUC (2))

CALL PRINT(FMACHC(2) ¢XC(2)eYTI2) 4 THETC(2)
1FMUC(2) eWC (2))

MREFL=NREFL+1

GO TO 202

FOR ICELL=2

740 ICELL=1
NA=2
NC=2
XCsXA+DELX
FMUC=FMUA+DELMU
WC=WA+DEL W
GO TO 712

FOR ICELL=1
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760 1CELL=3
NA=3
NC=2
CALL CENTL (XA(2)4YA(2)«THETAL2)+FMUALID) e WAC2)
1XCsFMUC+WC Y
CALL SLITET(2+K000FX)
GO TO{770.780)+K000FX
TTO CALL SLITE (2)
I (XC-XMAX ) 780 +780+990
780 WRITE(Ss1t)
FMACHCSFMMU ( FMUC )
CALL PRINT(FMACHC ¢ XCo¥YCe THETCsFMUC WC)
CALL OFCNT(XA(3) o YA(A) s THETA(I) o FMUALI} JWA(3) e
IXCoFMUC «WCaXCE2)aYCL2) s THETC(2)+FMUC (21 WC (2
CALL SLITET(2.K300FX)
GO TO(T785.790) +KO0OMFX
TS cALL SLITE (2)
IFI(XCL2)=XMAX)ITBT7 +TBT T8
787 FMACHC(2)sFMMU(FMUC(2)}
CALL PRINT(FMACHC (2)«XCl2)eYCI2) e THETC(2) 4
1FMUC(2) «WC(2))
NRAY=NRAY=1
GO TO 404
789 NRAY=1
NREFL =0
LINE=]
CALL PREND
Go TO 990
790 NREFL=NREFL+!
FMACHC {2 )=FMMU (FMUC (23 )
CALL PRINT(FMACHC (2)¢XC(21eYC(2) s THETC(2),
1IFMUC(2)+wC(2))
NRAY=NRAY~1
GO0 TO 202

EXIT

990 CALL DVCHK (JJ)
GO TO (992.995)«JJ
992 WRITE (6.993)
993 FORMAT(34HODIVIDE CHECK ON WHEN EXIT REACHED/1H1}
CALL EXIT
995 WRITE (6.996)
996 FORMAT (12HOEND OF CASE/1H1)
997 LINE=0
CALL PREND
CALL EXIT

ERROR

WRITE (44999)mM00DE

FORMAT ( 22HOPROGRAM ERRON IN MODE,$2/1H1)
GO TO 997

END o

$3

SUBROUTINE GENL (GXA+GYA¢GTA+GMUA +GWA1GXBGYB«GTB
1GMUB « GBI GXC +GYC+GTC +GMUC GYWC)

GENERAL POINT SUBROUTINE

DIMENSION CASE(14)eXA(A00}+YA{A400)sTHETA (A0 sFMUA(A00)
1WA (400) sCHARAC (6700 )¢ XC (400 ) YC{AO0 )+ THETC(400)
2FMUC T1AD0D ) o WC (A400) s FMACHC (400)

COMMON CASE+XAsYAsTHETAFMUA WA+
1EMACHC ¢ XCos YC o THETC o FMUC s WC s CHARAC ¢
2GM1 ¢GM1 24 XP oL INE ¢ NA ¢ NC s NRAY o NREF L

ASIN(X)I®ATANZ (XeSART (1 ¢ ~X¥%2))

B1=SIN(GMUB)

B2=COS(GTB-GMUS )

BA=SIN(GMUA Y}

BA=COS (GTA+GMUA Y

DI=SINI{GTA+GMUA } /B4

P2=SIN(GTB=-GMUB } /B2

Da=B3/COS (GMUA)

O8=81/COS (GMUB )

EQUATION (C3)

GXCw (GXARD] ~GYA+GYB-GXB#D2)/(D1=-D2)

D3=GXC-GXA

D&=DI/GYA

EQUATION (C4)

GYC=D3IRDI4+GYA

EQUATION (C10)
FMBw (Bl ¥SIN(GTB)*DS) /82
EQUATION (C9)

FLA® (A3#SIN{GTAI*DA ) /Ba

CluaGTARDALDE#FLA

C2eGTH#DS+ ({GXC—-GXB ) ¥FMB/GYB

EQUATION (C8)
GTCx (~GWA-~GWARCI+GWBLGWEHC2) / (GWARDAIGWBRDS )
EQUATION (C1t)

GUWCGWA+GWA# (DA (GTC~GTA)+DS*#FLA )

CIaGMI2# (] ,0/GWCRR2=]40)

EQUATION (C12)

GMUC=ASIN(SORT(C1 1)

28 RETURN
END

43
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SUBROUTINE CENTL (GXA+GYAGTAGMUAGWAY
1GXCoGMUCGWC)

CENTERLINE POINT SUBROUTINE

DIMENSION CASE(14)eXA(A00)«YA(A00)+ THETA(A00) FMUA(400)
1WA (400) « CHARAC (6¢T700)+XC(400)+YC (400« THETC(400) s
2FMUC(400) +WC (400} ¢+FMACHC (400}

COMMON CASE+XA+YAsTHETAFMUA JWA S
1FMACHC s XC o YC o THETCsFMUC+WC o CHARAC
2GM1 +GM12 ¢ XPsLINEJNA «NC+NRAY s NREFL.

ASIN(XI=ATANZ {X+SQRT (] o =X¥%2}}

BI=SIN(GMUAY

B2=COS(GTA+GMUA)

DI=SIN(GTA+GMUA) /B2

D2=B1/COS(GMUA}

EQUATION (C28)

GXCaGXA=GYA/D1

EQUATION (C9)
FLA=(BI#SIN(GTA)I#D2)/B2
EQUATION (C11)

GWCRGWA+GWA¥ (~GTA¥D2+ (GXC~GXA}#FLA/GYA)

CI=GMI2# (1 s O/GWCH#2-1.0)

EQUATION (C12)

GMUCE=ASIN{SORT(C1Y)

RETURN

END

SUBROUTINE OFCNTI{GXA+GYA+GTA +GMUA «GWA+GXB
1GMUB ¢ GWB yGXCsGYC+GTC +GMUC +GWC)

1 POINT OFF CENTERLINE SUBROUTINE

DIMENSTON CASE(14)¢XA(400)sYA(400)+THETA (400 +FMUA(A00)
1WA (400) s CHARAC (5470014 XC(400)+YC (K00} s THETC(800) ¢
2FMUC (400 ) +WC (K00 ) «FMACHC (400)

COMMON CASE+XAYA«THETAFMUA +WA .
1FMACHC ¢ XC o YC o THETC « FMUC ¢« WC « CHARAC »
2GM1 +GMI2¢XPsLINE «NA ¢+ NC +NRAY s NREFL

ASIN(X)SATANZ(XsSOQRT {1 e ~X#%21})

B1=SINIGMUA)

B2sCOS(GTA+GMUA )

D1=81/C0S (GMUA Y

D2=SIN(GMUB) /COS (GMUB)

Da=SIN(GTA+GMUAY/B2

DS=SIN(~GMUB) /COS(~GMUB)

EQUATION (C3)
GXC= (GXA#DA~GYA-GXB¥*DS5 )/ (D4~-D5)
DI=GKC-GXA
EQUATION (cd)
GYCEDI*DA+GYA
EQUATION (C9)
FLA= (BI#SIN(GTA)}*D])/B2
Cl=«GTARDI+D3*#FLA/GYA
EQUATION (€27)
GTCx® (~GWA-GWA®C1+GWE )/ (GWAXD1+2¢ ¥GWB#D2)
EQUATION (C11)

GWCEGWA+GWA® (D1 *# (GTC~GTA)+DI¥FLA/GYA)

C1=GM12% (1 ¢ O/GWCR¥2=140)

EQUATION (C12)

GMUC=ASIN(SQRT(C1))

18 RETURN

END

SUBROUT INE BNDRY (BXA+BYAIBTAIBMUABWA+BXB.BYB.BTB«BMUB.
1BWB BXC«BYC+BTCeBMUC «BWC )

BOUNDARY POINT SUBROUTINE

B1%COS (BTE-BMUB)
B2=SIN(BMUB)
DI®SIN(BTA)/COS(BTA)
D2=SIN(BTB-BMUB ) /81
D3I=SIN(BMUB) /COS (BMUB)
EQUATION (C18)
BXCx (BXAXD1 ~BYA+BYB-BXB¥D2)/ (D1=D2)
EQUATION (C19)
BYCw (BXC-BXA)#D1+8YA
BMUC=BMUA
BWC=BWA
EQUATION (€10)
FMBx (B28SIN(BTB)I®D3) /81
EQUATION (C20)
BTC=BTB+ (- (BWC-BWB ) /BWB+ ( (BXC-BXB)/BYB1®#FMB) /D3
RETURN
END

SUBROUTINE SAMFM (SXB«SYB.sSTBeSMUBSWB
ISXA+SYAsSTASSMUAsSWA +SXCeSYCeSTCeSMUC+SWC)

SAME FAMILY POINT SUBROUTINE

DIMENSION CASE(14)sXA{400)«YA(A00)+sTHETA(AQO ) sFMUA (400}
1WA (400) syCHARAC{6+T700 )¢ XC(A400)eYC(A400)+THETC(A00)«
2FMUC(400)+WC (400) +FMACHC (400

COMMON CASE+XA+YA+THETAFMUA WA,
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1FMACHC 4 XCaYC e THETC s FMUC o WC o CHARAC
2GM1 +GM1 2o XP L INE+NAINC s NRAY 4 NREFL.
ASINIX)=ATANZ2 (X+SART(TTT )
BI=SIN(SMUB)
B2=L0S{STB+SMUR)
BI=SINISMUA)Y
Bae=COS(STA+SMUA)
D1=SIN(STA+SMUA)/Ba
D2=SIN(STBLSMUS) /B2
DA=B3/COS (SMUA )
DS=B1/COS(SMUB}
EQUATION (C23)
SXCx (SXA#DI~SYA+SYB-SXB#D2)/ (D1 -D2)
D3=SXC-SXA
EGUATION (Ca)
SYC=DIRD1+SYA
EQUATION (C24)
FMOx (BIRSIN(STE)#DS) /B2
EGQUATION (C9)
FLA= (B335 IN(STAIR0A ) /B4
Cl1=—STARDA+DINFLA/SYA
C2=STBEDS+ { (SXC-SXB ) MHFMB) /SYA
EQUATION (CB)
STCx (—SWA-SWARCI+SWB+SWBHC2) /(SWARDA+SWESDS)
EQUATION (C11)
SWC=SWA+SWAR (DA% (STC~STA)+DI#FLA/SYA)
C1=GM1I2% (1 +0/SWCRHE2-1,0)
IF(C1 19724424
24 TT=SORT(C1})
TTTule~TTER2
IFITTT IO ,.26.26
EQUATION (C123
26 SMUC=ASINC(TT)
GO To 28
ST WRITE(5.:98)
98 FORMAT (37H SORT ERROR IN SAMFM POINT SUBROUT INE)
28 RETURN
END

SUBROUT INE TEST

SUBROUTINE TO TEST FOR CROSSINGS
USES 3 SAME FAMILY POINTS

DIMENSION CASE(14)eXA{400)+YA(400)sTHETA(400) FMUA(L00)

1WA (400} yCHARAC (64700 )+ XC{400)+YC(400)+s THETC (400«
2FMUC (400 ) 4 WC (400 ) +FMACHC (400 3

COMMON CASELXA+YALTHETAEMUA sWAs
1EMACHC 9 XC o YC o THETC s FMUC o WE s CHARAC
26MEIGME 2, %P oL INEJNA NCINRAY ¢ NREFL

S00 CONVaST7,29578

CON=THETC (NC~1 } ~FMUC (NC~1)

SLOPE=SIN{CON)/COS(CON)

CB=YC (NC~1 }~XC INC-1 } #SLOPE

XASAVEXA (NA+L )

NASAVENA

GO TO Sis

COMPUTE NEW GENL
510 CALL GEML (XA(NAT¢YA(NA) s THETAINAY JFMUA(NAS JWAINAYS
IXCINC=1) s YCINC=1) s THETCINC~1 )+ FMUCINC=1) ¢ WCINC=1 )¢
2XCINCY s YCINC) s THETC (NC ) +FMUC (NC) s WC (NC) )
COMPUTE 1 PT
518 CALL SAMEM(XAINAY ¢ YA (NA) ¢ THETA(NAS FMUAINA ) « WA (NAY ¢
IXAINASL Yo YAINAST ) o THETACMASL ) o FMUA (NAS1 ) s WACNASL 3o
2X1 Y1 o THET1 +sFMUL oW1 )

COMPUTE 2 PT

B20 CALL SAMEM (XA (NA41) e YAINAL]L ) o THETA(NASL ) sFMUA INALL ) s WAINARL)

IXA (NA+2) s YA(NA+2 ) s THETA(NA+2 ) o FMUACNA+2) s WAINASZ ) o
ZX2eY2THET2:FMUZ,W2)

COMPUTE 3 PT

CALL SAMEM (XA (NAS2YS o YA (NA+2) o THETA (INA+2) ¢ FMUA INA+2) s WA (NA42) ¢

IXAINA+3) o YA(NAS3) s THETAINA+I ) s FMUA (INA+D ) ¢ WAINA+SD} o
2X3eYIeTHET3FMUIW3)

FIND X AND Y MIN AND MAX FOR BOX

B2S XMINSAMING (XCINC) o XA (NAY o XA (NA+HT J o XA INA+2) s XA (NASDY)
B26 XMAX=AMAX] {XC(NC) o XA (NA) s XAINAFL ) o XA (NA+2) o XA (NAS3)Y)
B27 YMINSAMINI (YCINC) e YA(NA) s YA(NAFI J o YAINA42) s YAINAS3Y)
SEB YMAX=AMAX] (YCINC) e YAINA) s YACNA+L ) s YA(NASZ2 I3 YAINASDY)

CHECK 1 PT FOR CROSSING

CALL CROSS(X1+sY1 s XMAX¢XMINGYMAX s YMING
TTHETAINAY oFMUA INAY 9 THETA CNA+L ) s FMUA (NAS1 ) o
2SLOPECB,IT)

1T=37T
GO TO(S3I0%35).1T

S30 KODE=2

GO To Sa8

538 KODE=1

L5



[ CcMECK 2 PT FOR CROSSING

S38 CALL CROSS{XZ2¢Y2+XMAXsXMIN¢YMAXsYMIN
TTMETACNA+L ) s FMUA (NA+1) s THETA (NA+2 ) s FMUA (NAS2 3+
2SLOPECRLIT)

IT=1T
GO TO(SA0.585)4IT

40 GO TO(S42.544) (KODE

s542 KODE=3
GO TO 5as
544 KODE=4

[
[+ CHECK 3 PT FOR CROSSING
[~

SA% CALL CROSSIX3eYIoXMAXeXMINGYMAXsYMING
ITHETA(NA+2 ) ¢ FMUA (NA+2 ) o THETA (NA+3) o FMUA (NA+3) o
2SLOPECBITY

ITs1T
GO TO(SS0.560)41T

FIND COMBINATION OF CROSSINGS TO CHECK

oo

S50 GO TO{750¢760+770+780) 4KODE
560 GO TO(710¢7204730+740)¢XKODE

c
G- NO CROSS ING
[

T10 LINE=L INE=(NA-NASAV)
RETURN

1 PT IS CROSSING TO USE

noo

T20 TPR=THETI#CONV
FMUPRSFMUL #CONV
WRITE (6+722)X1¢Y1sTPRFMUPR W1
T22 FORMATI(OH ##18811Xe3E17+8,2E1648)
IF INC—NRAY }725.,72%.724
T24 NREFLaNREFL-1
GO TO 726
T25 NRAY=ENRAY-1
726 NA=NA+1
XA CNA 3 =X1
YA(NA}=YL
THETA (NA)Y=THET1
FMUA (NAY=FMUL
WA (NA)=W1
GO TO 510

2 PT IS CROSSING TO USE

noo

730 TPASTHETRAGONY
riUnRerMU24£ONV
WRITE (64732)X2Y2+ TPR +FMUPR o W2
732 FORMAT(6H #R28811Xe3K17:8,2E1648)
IF (NC=NRAY ) 735, 7354 734
T34 NREFLENREFL-1
GO TO 738
73% NRAYSNRAY-1
T35 XA (NA+1 )=XA(NA)Y
YA(NA+1 Y=YA(NA)
TMETA (NA+1 )= THETA (NA)
FMUA (NA+] § xFMUA (NA )
WA (AT IuWA (NA )
NAENA+1
XA (NA+1 ) =X2
YA(NA+] ) =v2
THETA(NA+1 )= THETZ
FMUA (NA+1 ) RFMU2
WA(NA+] ) mw2
GO To 515

BOTH 1 AND 2 ARE CROSSINGSs SELECT ONE TO USE

ono

740 DIFF1=ABS {X]~-XASAV})
DIFF2=ABS (X2-XASAV})
IF(DIFF1-DIFF2)7204720+730

[+
< 3 PT IS CROSSING TO USE
c

3

TPR=THET3#CONV

FMUPRSFHMUIRCONY

WRITE (S¢7523IXI Y TPR,FMUPR + W3
FORMAT (6H *#3#%11X¢3E17:8,2E1648)
IF (INC-NRAY ) 755, 755 734

NREFL aNREFL -1

GO TO 788

NRAY=NRAY -1

XA (NA+2 YuXA(NA+L)

YA (NA+2)=2YA (NA+1) .
THETA (NA+2 )= THETA (NA+1)

FMUA (NA42 ) xFMUA (NA+1)

WA (NA42 ) =WA (NALT)

XA (NA+1 JuXA(NA Y}

YA {NA+1)mYA(NAY

THETA(NA+]1 )=THETA (NA)

FMUA (NA+] ) =FMUA (NA )

WA (NA+1 )=WA (NA)

NA=NA+1

XA (NA+2)=X3

YA (NA+2)=Y3

THETA(NA42 )= THET3

FMUA (NR+2 ) w7 MY

3333

46




WA INA+2 ) uw)
GO TO =20

BOTH 1 AND 3 ARE CROSSINGSs SELECT ONE TO USE

noo

760 DIFF1=ABS(X]-XASAV)
DIFF3=ABS (X3-XASAV)
IFIDIFF1-DIFF3)720.72047%0

[ BOTH 2 AND 3 ARE CROSSINGSs SELECT ONE TO USE
770 DIFF2=ABS {X2-XASAV)
DIFF3=ABS (X3-XASAV)
IF(DIFF2-DIFF3)730.730+750

1e¢ 29 AND 3 ARE CROSSINGSe SELECT ONE TO USE

oo

780 DIFF]=ABS (X1-XASAV)
DIFF2=ABS (X2=-XASAV)
DIFF3=ABS (X2~XASAV)
IF(DIFF1-DIFF2)782,782,78%

782 1F (DIFF1-DIFF3)720.720+750

785 IF(DIFF2~-DIFF317304 730750
END

SUBROUTINF TEST2(IS!G)
MERGES 2 CHARACTERISTIC LINES IF THEY CROSS

ISIGs1 FOR NO CROSSING
1S1G=2 FOR CROSSING FOUND

NnonNnnon

DIMENSION CASE(14)¢XA(R00)+YA{A00)+s THETA(A00)sFMUA (400},
1WA (300)¢«CHARAC(S64T70031¢XC(400)sYC 400« THETC (400
25MUC (400) «WC (400) « FMACHC (400 )

COMMON CASE«XA:YA+THETAEMUA sWA.

1IFMACHC o XC o YC s THETC e SMUC + WC « CHARAC »
2GM1 4GMI2eXP <L INE yNA ¢NC «NRAY « NREFL

ANGLE=~1%707963

IF (THETA(NAY4+FMUA (NA)-ANGLF) Je¢242
2 IF(XCINC)I=XA(NA)) 6:5¢%
3 IFIXCINCI-XA(NA)) Se5¢6

NO CROSSING

non

S 1S1G=1
RETURN

CROSSING FOUND

00

[

CALL SLITET(2.k000FX)
GO TO(8+10) «KOOOFX

CALL SLITE (2)

GO TO 1%

10 NREFL=NREFL -1

»

MOVE REMAINING A ARRAY TO C ARRAY AND PRINT

[a X2 N

15 NA=NA+]

NC=NC+1
20 XCINC~1)=XA{NA=1)

YCINC—11=YA(NA-~1)

THETC(NC-1)=THETA (NA-1)

FMUC (NC—1 ) =FMUA (NA-1)

WCINC—-1)swA(NA-1)

FMACHC(NC-1)%14/5IN(FMUC(NC~11})

CALL PRINT(FMACHC (NC=11+sXCINC=1)}eYCINC~1)s THETCINC-1),

TFMUC (NC—1) +WC(NC=~1))

LINE=LINE~-1

IF (LINE) 998.25,1%
25 1S1G=2

NC=NC=~1

RE TURN
998 WRITE (6:999)
999 FORMAT (20HOERROR IN TESTZ SUBR/1H1)

CALL EXIT

END

- SUBROUTINE CROSS(XeY s XMAX s XMINe YMAX s YMING
IT1+FMLaT24,FM2.SLOPECCBJIT)Y
CHECKS A PARTICULAR POINT TO SEE IF A CROSSING
IT=1+ CROSSING FOUND
IT=2+ CROSSING NOT FOUND

CHECK &IMIT 80X

annnonn

IFIY=-YMINIZB 252
IF(Y=YMAX )& +2% .25
IFIX-XMIN)2%+2%5:6
IF (X—XMAX )8 25,25

asm

CHECK CONVERGING LINES

nonn

8 IF({TI+FM]1 )= (T2+FM2))10¢10:25

CHECK 1F PAST LINE B

non

10 CSFmY-SLOPE#X

b7




14

oo o000 o000

ann

o000

NoOn

N

IF(SLOPE) 4418418
NEGATIVE SLOPE

IF(CSF~CB)18418+2S
POSITIVE SLOPE

IFICSF~CB)25+18018
CROSSING FOUND

1T=y
RETURN

NO CROSSING FOUND

1T=2
RETURN
END

SUBROUTINE PRINT(PM:PXPYPTPMUPW)
PRINTS A POINT IN THE NETWORK

ODIMENSTON CASE(14)+XA(ACO} s YALADO)+THETA (A0 ) «FMUA(AQO0)
1WA 1400 ) ¢+ CHARAC (64 700 ) s XC (40C ) ¢+ YC U400 ) s THETC (4000«
2FMUC (400) s WC (400) +FMACHC (400)

COMMON CASE vXA+YA«THETAFMUA sWAS
1EMACHC + XC o YC o THETC s FMUC o+ WC s CHARAC »
2GM1 ¢GM12eXP oL INE ¢ NA s NC e NRAY s NREFL

DEG=57,29578

TEMP =1, +GM128PM#2

EQUATION (C14)

TTZ=1e/TEMP

EQUATION (C15)

RRZ=1 s / TEMPREXP

TPRsPT*DEG

FMUPR=PMUXDEG

WRITE(&+10)IPMPXePY s TPRsFMUPR +1PWs TTZRRZ

FORMATIAEI7e844E18,8)

RETURN

END

SUBROUT INE PREND

MARKS END OF A CHARACTERISTIC LINE AND
WRITES A TAPE FOR OPTIONAL PLOYTING

DIMENSTION CASE(14)¢XA(400)¢YA(AQ0) s THETA(400) +FMUAL(A00)
1WA 400 ) sCHARAC (6+¢700 )+ XC{4001+YC(400)+THETC(400)»
2FMUC(400) +WC (400} «FMACHC (400}

COMMON CASE +XA+YAsTHETAFMUA WA
IFMACHC ¢+ XCo YC o THETCaFMUC e WC o CHARAC o
2GM1 «GMI 24 XP oL INE ¢ NA +NC o NRAY ¢ NREFL

IFILINE)2.244

WRITE(9)LINE
END FILE 9
RETURN
WRITE(S+8INRAY s NREFL

8 FORMAT(1HO+216/1M1)

oon

WRITE PLOTTING TAPE

WRITE(9)ILINE

WRITE(D) (FMACHC LT} eXC(I)eYC(IIoIxl LINE)
RETURN

END

ENTRY «UNC9e

*UNO9s PZE UNL1TO9
UNITO9 FILE +B11)OUTPUT ¢« BLOCK=2S6+BINsHOLD

END
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See Insert A e—Service tower

GUy wi re

Air supply
line

r——Service entrance

{a) Test setup in 4l-foot vacuum sphere.

Figure l.- Schematics of test facilities.
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<——— 0, 7h2 —>

7

Vo

Converging nozzle, Mj = 1,0,

110 0.125

0.145

-~

1.59 0.4 —

Stagnation-pressure orifice

-4—\/\——»‘— 1.69

v

0,742 ——

Converging-diverging nozzle, Mj = 5.0

]

o
157 . 150 N
f T8

li\?\
0

Sk

i

1.15

0.23

(a) My = 1.0 and My = 5.0.

Figure 2.~ Test nozzles.




1.250 ——————1

0,707 —

2.106

1.250

1,0082 —

M, = 2.22
J

Station O

() Contoured nozzles. All dimensions in inches.

Figure 2.- Concluded.

. = 1.0

Nozzle coordinates
M., = 2.22
J

r
(Radius)

-.5430 L6250
-.5200 L5469

-.4900 .5080
-.1500 72k
~-.3000 .3987
-.1500 .3640

0.0000 .3535
L0354 .3570
.0707 .3623
LUl 3THT
.2828 .3995

JL2k2 JL2ko
.5656 RITTSN
L7070 4638
.9191 4850

1.1312 4977
1.3433 .5027
1.5625 5041
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FACTORS AFFECTING ROCKET EXHAUST SIZE AND SHAPE

M Nozzle-exit Mach number
e Nozzle half-angle

V4 Ratio of specific heats

pJ Static pressure at nozzle exit

Ambient static pressure

%N

=V, = V_+ B
AR T R

where

vy Prandtl-Meyer expansion angle for boundary Mach number
VN Prandtl-Meyer expansion angle for nozzle-exit Mach number

Figure 4.~ Method of calculating initial turning angle of Jjet boundary at the nozzle lip.
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(£) M3y = 1.0; ey = 0% pj/poo = 87.7.

L-64-395

Figure 1l.- Continued.




(g) My = 1.0; oy = 09 pj/pm = 157.2.

L-64-396

Figure 11.- Continued.
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Figure 1l.- Continued.
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L-6l-bo1

Figure 1l.- Continued.




(m) Mj = 1.0; oy = 0%; Pj/Pm = 30,590.

L-64-402

Figure 1l.- Continued.

87



¢on—+9~T pONUTIUOD ~TT oanSTd

*0g6‘ze = Sm\wm ¢ 0=Ng¢

e

s

g

7

88



o9~

T
INST
-'TT

TIuo) ~°T

uT

*pamni

89




90

102,180.

(p) My = 1.0; oy = 0% pj/pm

I-64-405

Figure 11,- Concluded.
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(b) My = 2.22; oy = 0% pj/poo = 37.7.

L-64-40T

Figure 12.- Concluded.
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Figure 13.- Continued.
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= 26.5% p /5w = 580.

(e) Nominal My = 5.0;

L-6h-L1o

Figure 13.- Concluded.
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